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VY xkaHoHiyHOMY mpezicraBieHHi Pongi — BorxoiizeHa 3anponoHOBAHO PENSTHBICTCHKU
inBapianTHe (OpPMyIIOBaHHS KBaHTOBOI MexaHiku wactmnkd mack M==0 i criny S:]/ 2, a
TaKoXX HOro ysarajpHEHHS MI1 HOBUIBHOTO MYJBTHIUIETY, SIKUH BU3HAYAETHCS CIIHOBHMH

MarpuisamMu S = (§3, S §2) SK TeHepaTopaMH Oy/b-sIKOro 300paskeHHs criHoBoi rpymu SUs.

MaTtemMaTHYHO KOPEKTHO W (hi3MYHO apTryMEHTOBAaHO BH3HA4YeHa airedpa CIIOCTEPEKyBaHHX S -

. P . . 3 o e
MYJIBTHILIETY y Tilb6epToBOMY HpoCTOpi iforo craui 3 miporo Jlebera O°X. Enementamu uiei
anredpu € GyHKIT MOPOKYIOUNX OMEPaTOPiB — €PMITOBUX ONEPaTOpPiB KOOPAMHATH X, IMITyJIbCy

K ta cminy S (y moBimsro-®ikcoBamiii imepuiambHiii cucremi Bimmiky). Omepkani mauHAMIUHI
3MiHHI, AKki € Hacmigkamu IlyaHkape-cumerpii Teopii Ta BaXKJIMBHX JOAATKOBUX CHMETPIiM.
JlomaTkoBi TMHAMIiYHI 3MiHHI € HacTiaIKkaMu Toro ¢akTy 1o y npeacrasieHHi Dol - Borxoiizena
OoKpemo 30epiraloTbes 1 opOiTaibHa, 1 CIIHOBAa YaCTUHM 4-MOMEHTY KUIBKOCTI pyXy. BusnaueHo
TNOHATTS LEHTPA EHEPrii S -MYNbTHILIETY SK PEIATHBICTCHKOrO aHAJNOTy TMOHATTA LIEHTPa Mac y
HEpEeNSTUBICTCHKIN Teopil CYyLIbHUX CEPEeIOBHIL.

1. Bcryn

[IpencraBnena Tyt  pobota €
0e3mocepeHIM MPOIOBKEHHIM HAIlol CTaTTi
[1]. BuKOpPHCTOBYIOTHCS TO3HAYEHHS Ta
noMoBiieHOCTI [1]. 3 MeTorw CKOpPOYCHHS
BUKIQJOK Ha ¢opmymu 3 [1] maroTbes
Oe3mocepe/iHi MOCHIIaHHS.

VY Bunaaxky BUIbHOTO piBHSHHS Jlipaka
(muB. ¢popmymu (10) B [1]) mepeTBOpeHHS
®onai — Bortxoiizena [2] (ckopoueHo PB)
Ma€e BUIJIST

V= yp+w+m

Y(X) - AN =V (3, o)’
1)

V—l = _VEb+w+ m
J2w(w+m)

e

w=\p?+nt =yJ-A+nt, p=-10, (2)

A- omeparop Jlarutaca, a  pIBHOCTI
VW1 =V V=1 e nacnigkamu KOMYTaIliifHUX
criBBigHomrens (12)8 [1] mas matpuns - .
Onepatop V 3 (1) mnepeBoauTh
piBusHHS [ipaka ((10)B [1]) y piBHsSHHS

(i0, - Y’w)@(x) =0, 3)

TOOTO y crcTeMy IBOX (HE3aJe)KHUX) PiBHIHD
Ui 2-KOMIIOHEHTHUX QyHKIH ¢ Ta l]*

(i0, - w)&(x) =0,
(=0, —w)n7’ (x) =0,
OcranHi /JBa PIBHAHHS — 1€ PEISATHUBICTCHKI

piBHHHHH 11 YaCTUHKHU-aHTHUYaCTHUHKU, a
came, mepiie 3 (4) — e KBaHTOBOMEXaHIUHE

&
|=e0S*. (4
M pOS*. ()

PIBHSHHS JUIs XBUJIbOBOT bynKuii
@(X) =@(t,X) wactunkm, a apyre 3 (4) —ue
piBHAHHA ans  (QyHKIOI /) KOMILIEKCHO

CHIpsKeHOT 70 XBHIBOBOI (yHKIT /)(t, X)
AHTHYACTHHKH.
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HaBeneni TBepKEHHS 03HAYAIOTh,
mo igeHTudikamis Ta  (QI3MYHANA  3MICT
croctepexyBannx s OB-nons @

OJIHO3HAYHO BH3HAYAIOTHCS 17CHTHU(DIKAIIIEIO
Ta (PI3UYHUM 3MICTOM CHOCTEPEKYBAHUX Y
PENATUBICTCHKIN KBaHTOBIN MexaHiri
YacTUHKU (KA OmHCyeThCs mepimmM (abo
apyruMm) piBHsHHAM i3 (4)). OgHak, BUK/Ian
PENATUBICTCHKOI KBAaHTOBOI MEXaHIKH, SIK
MIPaBUJIO (muB., HaIPUKIAI, [3]),
MPOBOAMUTHCS 3 BUKOPHUCTAHHSIM JIMIIE SBHO
KOBapiaHTHUX MOHSATH. [Ipu 1mbOMy y SIBHO
KOBapiaHTHUX bopMyTIOBaHHIX
PENATUBICTCHKOT KBaHTOBOT MEXaHIKH
anreOpa CIOCTEpe)XKyBaHMX Ta ii 3B’ 530K 3
0e3rmocepe/IHbO  CIIOCTEPSIKYBAaHMMHU  Ha
CKCIICPUMCHTI  BEJITMYMHAMH  BHIJISIAIOTH
3HAYHO CKJAQAHIIIE, HDK y 3BUYAWHIN
HEepeIATUBICTChKIA  Teopii. Bce me He
NMpUTaMaHHO TpeacTaBieHHsM Tuny OB, y
AKHX, K 1 y HEpeNIATUBICTCHKUX TEOopisX,
yacoBa Ta TPH KOOpAMHATHI (MIPOCTOPOBI)
3MiHHI He (QIirypywoTh piBHOMpaBHO. Tomy
HIDKYE KOPOTKO (ayie 3 JOTPUMAaHHSIM BHUMOT
MaTeMaTUYHOI ~ KOPEKTHOCTiI)  HABOJHUMO
OCHOBHY CXEMY pPEJISTHUBICTCHKOI KBaHTOBOI
MEXaHIKM YacTUHKU Yy 11 KaHOHI4HINA (opmi,
ska 0a3yeTbcsi Ha TEpHIOMY 3 PIBHIHBb
cucremu (4) (Hamanmi 1e piBHSHHS Ha3UBAEMO
piustaasM [lpeninrepa — @omnai (LID)).

Kanoniune bopmyTIOBaHHS
BUKOPHCTOBYE HeJIOKaJIbHE yHITapHe
300pakeHHsT Tpymu &P,  PENATHBICTCHKU

HeiHBapiaHTHY Mipy JleGera Ta iHIIII TOHATTS,
y SKHX BTpadeHa SBHa pESITHBICTCHKA
1HBapiaHTHICTh, aJié TPH I[bOMY HISK HE
VIIKOJKeHa, SK Oyae MpoJeMOHCTPOBAHO
HIDKYE, PEISATUBICTChKA IHBAPIaHTHICTH TEOPii
B [IToMy. BigmiTuMo, 110 TYT, Ha BiAMIHY Bij
SIBHO KOBapiaHTHUX (HOpPMYITIOBaHb, Hi3UIHUI
3MICT Teopii, 30kpema ¢i3uyHa IHTeprpeTaLis
Oy/Ib-SIKAX  CIIOCTEPEKYBAaHUX, TaK CaMo
HAOYHI, SIK 1 y BIITOBIAHIH
HEPEJSITUBICTCHKIN TEOpii.

[IpencraBieHHs] CHIHOPHOTO TOJS, Yy
SKOMY 1II€ TIOJI€ 3a/J0BOJILHSIE DPIBHSHHIO
Hipaka (10) B [1], Ha3uBaeMo HMXKYE
npeocmaenennsim Ilayni — Jipaxa (I11), Ha
BIIIMIHY BiI npedcmasnenus @B, y skoMmy
CIIHOpHE TIOJIe 3aJI0BOJIbHSE piBHAHHIO DB

3).
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2. PensiTuBicTChKa KBAHTOBA MeXaHiKa
€JIeKTPOHA Y KAHOHIYHOMY NpeaCTaBJICHHI
oB

PosrnssHemMo  cmodatky — pensiTH-
BICTCHKY KBAaHTOBY MEXaHIKy OKPEMO B3SITOTO
enexkTpoHa (0e3 MO3MTPOHA) Y KaHOHIYHOMY
NpeJCTaBICHHI, sKe Oa3zyerbcs Ha  2-
KOMITOHeHTHOMY piBHsHHI 1D — nepmomy 3
piBHsHB (4).

[IpocTip e€BOMIOIIIOHYIOYHMX Yy dHaci

cranis  H ={ f}

JOBUTHLHO (DIKCOBaHIM i1HEPIiANBHINA CHCTEMI
Bimmiky (ICB) Ta y #oro KoopauHaTHii
peamizanii (y sxiii mpoctip R*OM(L3) €

BUIBHOTO €JIEKTPOHA Yy

CTIEKTPOM orepaTopa KOOPIMHATH
CNEKTPOHA)  BU3HAYAEMO  SK  HPOCTIP
I'npbepra

df fl

H, = fEfz:M(l,S)q C (5)

3 KBaJIpaTOM HOPMH €JIEMEHTIB

0sjd3xfT(x)f(x)<oo (6)
2-KOMITOHEHTHUX KOMIUIEKCHO3HAYHUX

Gynkuinn  f(x)= f(t,X) manx M(@3). Ll
¢byHK1iT 33J0BONBHAIOTH piBHAHHIO 11D

(i0, - w)f (x) =0,

f OS(R®)x C* =572, ")

ne omeparop w (2), € oreparopom eHeprii, p

€ omepaTop IMITYJIbCY €JICKTPOHa, a S(RS) -
ne mpoctip ocHoBHUX (QyHkmind IlIBapma
fr(t,x), r=1,2,
napamMeTpoM

3 JIOBUIBHO
t [ (—o0,)).
Hpunymenns f 05> (3a sminnoro X OR®)
TEXHIYHO KOPHUCHE 1 (I3UYHO Ta MAaTEMAaTHUYHO
sunpasnane. Jliiicno, S*? ne s0epHul
npocmip 'y OCHAalleHOMY TiJIb0epTOBOMY
pOCTOPpi

(KOMITOHEHT
(hikcoBaHUM

20 H320s 3,é’ H 32= Hl’ (8)
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3,7 :
(e S* e TPOCTip Yy3aralbHEHHX 2-
KOMITIOHCHTHUX KOMIIJICKCHO3HAUYHUX

dynxuiit [Bapia). Sgepuicts mpoctopy S
o3Hauae, 1o BiH € uinbaum sk y H, rax iy

S*7 . gk Bimomo, Bci dymkmii 3 S*% e
HECKIHYCHO MIAAKUMH (TOOTO HECKIHUEHO
nudepeHIifoBaHMMH) Ta pa3oM 31 CBOIMH
moxigaumMu  (mpu [Jt) BOHM  MIBHAKO
CHajarTh MpHU |7(| - 0, Tomy Oynb-axuit

83,2'

enement 3 H, um MOKHa

aIPOKCUMYBaTU NEeSAKUM (HeckiH4YeHO

3,2
INMaJKUM) eIEeMEHTOM 3 S°° 3 OyIb-SKOH0
Harepea 3aJaHO TOYHICTIO (I THM caMuM
3aJIOBOJILHUTH TIOTPEOH E€KCIIePUMEHTAIBHHUX

BUMIpIOBaHb  OpUjafaMu 3  OyAb-SKOIO
BHCOKOIO KJIACHICTIO).
Y kaHoHIYHOMY  (hOpMyIIOBaHHI

KBaHTOBOI MEXaHIKA EJEKTPOHA OIepaTop
Oy/ab-KOT CHOCTEpe)KYBaHOI € (PYHKIIIEO
omepaTopiB KaHOHIYHO CIPSHKCHUX
TUHAMIYHUX 3MIHHMX - KOOpAMHATH X,
iMIynecy P, a takox cmiHa S. I[lpu BuOOpi

npocropy S*? B sikocTi 06macTi BU3HAYCHHS
omeparopiB X, P, Ta S, BIH BHUSBIAETHCA
TakoX 1 OOJacTi0O 3HAYEeHb  OYAb-IKOT
criocTepexxyBanoi (mpu (i3UYHO HECYTTEBO
OOMEKYIOUMX TPUIYNICHHAX Ha OIeparop-
¢bynkmito Big X, P, Ta S).

BaxnmuBuMH TIPHUKIAAaMHA  MHOXXHUHHU
CIIOCTEPEKYBaHUX € MOBHI Habopu

(%8), (B.s), (BN, @.,p.p.5)9)

ac

1 , 11 O Sp
=—g’== ., h= . 10
%727 T30 4 T 0
HaBeneni wabGopu, KpiM  @epmoro, €

CTAIlIOHAPHUMH. KOXXHUK omepaTop 3 IUX
HaOOpiB KOMYTY€ 3 OIEpaTopoM eHeprii w
enexktpona. Haragaemo, auB, Hanpukian, [3],
0 NOGHUM HAOOPOM  CIOCTEPEKYBAHUX
CJIEKTpOHA  Ha3WBalOTh Hallp  B3aEMHO
KOMYTYIOUMX (YHKIIOHATBHO HE3AJICKHUX
oreparopis (H0ro Ha3WBAKOTh TAKOXK IICHTPOM
anre0pu CrocTepeKyBaHUX Y TIPEICTABIICHHI,
Jie KOXXEH OIepaTrop IOBHOrO Habopy €
JiaroHajgbHUM). XapakTepHOIO OCOOJIMBICTIO
MOBHOTO Ha0opy € Te, IO CHUIbHI BIAacHi
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BEKTOPU TAKOTO HA0OPY € HEBUPOIKCHHMH,
TOOTO KOXHIM TOYIll CHUIBHOTO CHEKTpa
OIlepaTopiB TMOBHOIO HAa0bOpy BiAINOBinaEe
JHUIIE OJWH eJeMeHT Yy (OCHameHOMY)
npocropi ['ine6epra.

CrinbHI BEKTOPH TOBHOTO Habopy
YTBOPIOIOTH OPTOHOPMOBAHY IMOBHY CHCTEMY
(6asuc) BekrtopiB y mpoctopi (8), ToOTO €
OpTaMHU I[LOTO MPOCTOPY, 32 SKHUMH MOXKHA
PO3KIIACTH OYyAb-IKHIi eIEeMEHT mpocTopy (8).
Hamnpukinan, OasucHi BEKTOpHU TUTSE

crauionaptoro mosHoro Ha6opy (P, S)
MArTh BUTJIAL

1 —ikx

€ (X) (11)

e kx=dt-Kx o=+ K+ m, #H]R?,
dr - BJacHi BexTopH omeparopa S, (10), ix
ssBHU BUTsa quB. (16)B [1], a RE - CIIEKTP

oreparopa p. Optu (11) 3a7A0BOJBHSIOTH

YyMOBaM OPTOHOPMOBAHOCTI W TIOBHOTH Y
BUTJIAIL

Id3xe;r (X)Qgr, (xX)=9,0 ('k_ I ),

Id3ke|1; (t’_X)qzr t,X)=0 (x— %) (12)

Bekropu (11) HA3UBAIOTh
PEISTUBICTCHBKMUMHU TUIOCKUMH  XBHJISIMH 1€
Bpoiins ans enekTpoHa 3 MEBHUM IMITYJIBCOM
K Ta crinoMm S, (1],/2 it r =1, 2) . Bonu €
ICTOTHO y3arajJbHCHUMH CTaHAMH EJIEKTPOHA
(ne manexats g0 H,), T06TO BOHM HE
peanizyloThcs y NpUpoi (BIAMOBIIHI CTaHU 3
S*?, siki anpoxcumytots cranu (11), moriuno
Ha3WBATH KBa3i-IUIOCKMMHU XBHIIAMHE). OHAK

y BUpa3l A 3arajJbHOTO PO3B’ SI3KYy PIBHSIHHSI
(7), posknanenoro 3a opramu (11),a came, y

dhopmyii

f()=— o [dkd(R g e, M5, (13)
(27
ammiityqn @' (K)  Hazexats  IpocTOpy

S ( Ri) , OTXKE BEKTOpH CTaHIB
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. laitk la(k

f(t,k)= ( a) =g (4)

a’(t, k) a (k)

y immynbscHiii peamizanii mpoctopy
Hamexath 10 532 = S(Rs) 0 C>.

Anenooud 0 IHIIMX ~ [OBHHX
HabopiB CIIOCTEPEKYBAHUX €JIEKTPOHA
(KOKHHMH 3 SIKMX HEOAMIHHO BKIIIOYAE TPH
OIIEpaTOpH 3 HETIEPEPBHUM CIIEKTPOM Ta OJIUH
— 3 JIMCKPETHHM) 1 PO3KIagalo4yd BEKTOPH
f(t,X) 3a BigmoBimHMMHU Oa3zucamu, MOXKHA
oJepxkaTu Oyb-sKi 1HIII peajizaiii MpocTopy
cTaHiB  enekTpoHa. [lpu  1mpoMy  JuIs
CTAaIllOHAPHUX TIOBHUX HAOOpIB aMILIITyIH
HMOBIpHOCTEH 3a iX CHEKTpOM 3ayiexarb
rapMOHIYHO  Big  Yacy, a  TyCTHHH
HMOBIpHOCTEH He 3aexarp BiJ] yacy.

He3Baxkatoun Ha BUKOPHUCTaHHS TYT
SIBHO HEIHBAPIaHTHHX MOHATH (TaKUX, SIK MipH

(14)

JleGera d°x, d®k i T.m.) Ta Ha BHAiNeHicTH
4acoBOi 3MIHHOI, HaBeJieHe (OPMYITIOBAHHS €
PEISTUBICTCHKM 1HBapiaHTHUM, a came, & —
1HBapiaHTHHUM, BHACJII 0K TOTO, 110
CTpaBeIIMBa HACTYITHA

Teopema 1. A. EpmiToBi y mpoctopi
I, orepaTopu bynKii
CTPYKTYpHUX  TOPO/KYIOUHUX  OINEPaTOpPiB
X, P, $=0/2 3 o6nactio BuU3HAYEHHS |

(epmiToBi

3Ha4eHp 57%)

Po=wW, P=00, j=XB~ %P+ §,

: . 1 Sx | (15)
Jo == Jio =P _E{)ﬂ ’C‘)} +%'
ne s, =&™a"/2, 3a/I0BOJIBHSIOTh

KoMmyTalliiiauM criBBigHonieHHsM (5), (6) i3
[1] &P—anrebpu y sBHO KOBapiaHTHiM (Gopmi,
KOMYTYIOTb 3 oreparopoM piBHsHHs ID (7)
i, oTKe, BU3HA4Yar0Th 3a popmymoro (7) i3 [1]
yuitapne B I, 306paxenns U (a, w; P )
rpyni &P, sSKe € TpyInow iHBapiaHTHOCTI
PENATUBICTCHKOT KBaHTOBOI MeXaHIKU
CIICKTPOHA.

B. Ha6ip epmitoBux y mpoctopi H;
=(p,,m,), onepxanuii 3
Habopy q=(p,, j,) (41)npu S=0, TobTO
Habip

oneparopi  Q°°
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Pp=w, B=00, M =XR- %P,

_ 1 (16)

m, =tg - >{ x.a},

SAKHM MICTUTH JIMIIE OpOITaJbHI MOMEHTH
KUTBKOCTI  pyXy, TakKOX  3aJI0BOJIbHSIE
KoMmyTalliiiauM criBBigHomieHHsM (5), (6) i3
[1] “P—anrebpu, KOMyTye 3 OIIEPATOPOM
piBasiHHs LD (7) 1 Bu3HAuae 3a (opmyIioro
(7) i3 [1] ymitapue B H, 306paxkenus
U(a, w; p,, m,) rtpymn &, ske Tex e

TPYIOI0  1HBApIaHTHOCTI  PEJSITUBICTCHKOL
KBaHTOBOI MEXaHIKH €JIEKTPOHA.
C. Omneparopu cmiHa

$=(s) Ta gomamky S

CNIEKTPOHA
10 opOiTanbHOT

gactuan M” Gycry |
$=30 2585, 3= =P,

KOMYTYIOTh SIK 3 TaMiJbTOHIAHOM (), TaK 1 3
MOBHMM oniepatopoM piBasHES D (7),
TOOTO 3a/1a10Th EPETBOPEHHS 1HBAPIaHTHOCTI
piBusaast  1Id (7). Ha Bigminy Bix
oneparopis |, (15)ta m,, (16),a rakox Ha

BiZIMiHY BiJl reHepatopie S, = (S, §) (18)

B [1] mMaTpuuHOro 306paxeHss rpymu L, sKe
BU3HAuUae BioMy [4 — 6] ynokaneHy Tpymy
inBapianTHOCTI “P'*° piBHsAnHa lipaka (10)
(mB. (8) 3 s,(18) B [1]), remeparopu

Sy = (S §) (B mamiit peanmizauii (17)) ne

33JI0BOJIbHSIOTh KOMYTAIllHHUM
cmiBBigHoIeHHSM (6)-L-anreGpu.

JloBeleHHsI BCiX TPHOX TBEP/IKCHb
TEOpEeMH  TPOBOAUTHCS  Oe3mocepenHiMu
OOYHCIICHHSAMH BIIMOBITHUX KOMYTaTOpiB, (.
e.d.

HenokanbHicTh JaHHX <P—300pakeHb
3yMOBJICHA THM, IO YOTHUPU 3 OIEPaTOPIB
(15) ta wotmpu 3 omeparopiB (16), a came
(Pys Jo) 1@ (P, My ), € HemoKaNbHUME (HE

HaJIexaTh Kiacy omnepartopis Jli i € MaTpuuHO-
nceBnoAuepeHITIaIbHIMU OTIEPaTOPaMH, 110
KOPEKTHO BH3HAueHi B S°7).

Y BIAMOBITHOCTI A0 NPUHHATOTO Yy
MaTeMaTH4YHIi Gbizutti O3HAYEHHS
1HBapiaHTHOCT] JEAKOTO PIBHSHHS BiIHOCHO
neperBopeHb 3 meBHoi rpymu [4,5], -
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IHBapiaHTHICTH PIBHSHHS PyXy eleKkTpoHa (7)
BU3HAYAETHCS K S —IHBAPIaHTHICTH MHOKHUHH

{f}  Bcix wMoxauBuX po3B s3kiB  (13)
piBusaast (7).  Jlanuit  dakt  Bupaxae
OUHAMIYHULL 3micm £P—iHBapiaHTHOCTI

MPEACTABICHOI TYT KBAaHTOBOI MEXaHIKH, a
came. Ilo-mepie, e o3Haydae, MO PIBHAHHS
PYXy BUIBHOTO €JEKTPOHA € OIHAKOBUM Y
oymp-skiti  ICB. Ilo-mpyre, me Bupaxae
OJTHOPIAHICTH Ta 130TPOMHICT MPOCTOPY-Yacy
M@,3), y sxomy pyxaerbes
€JIEKTPOH, BHACTIIOK YOTO CEepelHi 3HAUeHHS
“—reneparopi  (p,, j,,) (15) (robTo
omepaTopiB  eHeprii-
Ta 4-momenty J,) y Oymb-

BUILHUN

CepelHl  3HauYeHHS
IMITyITECY P,
SKOMY €BOJIIOI[IOHYIOUOMY y daci t craHi
f O, ne sanexars Bin t.

Hpyruii  3micT  “/—iHBapiaHTHOCTI
o0roBoproBaHoi Teopii (SKUH HA3UBAEMO
KiHeMamuyHum) TIONSATAE Y HACTYITHOMY.

f OH,

piBasiHHS (7), TOOTO KOXHUI (ikcoBaHUIA
CBOJIIOIIIOHYIOUHI cTaH ejekTpoHa (y maHiit
ICB) Bu3Ha4aeThesl (PiKCOBAHUMH IMITYJIBCHO-

Koxuuit  QikcoBanuii  po3B’ 30K

cuminopumu  ammritygamu - a' (K). Maroun

yHitapae <—3o00paxenns (7) i3 [1] 3
reaeparopamu  (15), MokHA 3HAWTH, SK
MiHsfoTbes  maHi  ammtitymu @' (K)  mpu

nepexofi Bix oaniei ICB 10 moBinbHOI 1HIIOT
ICB" (38's3amoi 3 “mouarkosor”’ ICB
neperBopeHHsM (a,w)1EP). V Takuii crmocio
BCTAHOBJIFOETBCSA  3B'SI30K MK  ((i3uuHO
3a71aHuM) CTaHOM eJIEKTpOHA TSt
criocrepiraya y aaniii ICB ta (¢pizuuno THM
CaMHUM) CTaHOM EJIEKTPOHA ISl CriocTepiravya
y (&, w) -neperBopeniii ICB'

3BepHeMO yBary Ha  cnenudixky
crocrepexyBanoi  j, 3 (15), ska e

reneparopoM  Oycty  (o6pasom B [
reHeparopa  BIAMOBIAHUX  HPOCTOPOBO-
yacoBux 1eperBopens B M(1,3)). La
CIOCTepeXKyBaHa (OPUYOMY - Y KapTUHI
[peninrepa KBaHTOBOT MEXaHIK!
CIICKTPOHA), Ha BIIMiHY BIJ

ciioctepexyBanux (P, j,) 3 (15), sBHO

3aNeXuTh Bim Yacy t 1 He KOMyTye 3
orepaTopoM eHeprii «, aie BOHA, K 1 iHII
omeparopu 3 Habopy (15), komyrye 3
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orneparopoMm piBHsHHSA LD (7). Tum He
MEHII, CepeaHe 3HaueHHs J, y Oylb-sgkoMmy

crani (13), He 3anexuTh Big yacy t. Leit pakt
HAOYHO BUIHO TICIIs BUPAXKECHHS CEpeIHIX
3HaYeHb crocrepexyBanux (P, J,) (15)
yepe3 iMmyabcHo-criHoBi ammutityan @' (k) .
CnpasennuBa

Teopema 2. CepenHi 3HaYCHHA
cnocrepexysanux (P, j,) (15) wmarwot

BUTJIS

A= (P, Ju) ~ Q=[x (£ af(t)
_lal(k)

- (18)
to=", "),
a?(k)

= [t (R (K,

ne oneparopn G=(k,, J,), mo aitots Ha

immynbcHo-crinoBi amrmaityan T (K), maroTs

BUTJIS
k=@ k=k, j,=m+sg,

- (3%Kk) (19)

=, +

Jo =My orm’
e BI/IKOpI/ICTaHi IIO3HAYCHHSIA

N - ~ - 1.. .

M, =%k =%k Tg=->{"xd},

_ 5 (20)
w=Vk?+n?, x=-i—.
ok

Oneparopu  G=(k,, J,,) (19) @k i

§°° = Gle=(k,, M,) (19), (20), axi 3a
dopmynoro (18) Takok 3amalOTh IHTErpaiu
PyXy), IO MiIOTh y TiIBOEPTOBOMY MPOCTOPI

{f}.
3aJJ0BOJILHSIOTD KOMYTalliiHUM
criBBigHomenusm (5), (6)i3 [1] &P—anrebpu y
SIBHO KOBapiaHTHIN Gopmi.

JloBeneHHsI TeopeMHU 3IIHCHIOETHCS
Oe3rmocepelHIMU  OOYMCIICHHSIMH  CEpeIHIX
3nadeHb (18) 3 BukopucranusMm Bupaszy (13)
ms f(t,X) Ta mepeBipkoOK BHKOHAHHS < —
tabmumi  (5), (6) i3 [1] mns omeparopis

IMITYJIbCHO-CITIHOBHX aMILTITYT
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G=(k,, J) (19) Ta G =(k,,
(20),q.e.d.

TakuMm YMHOM, CIHCOK OCHOBHUX 10
IHTErpaJliB PyXy PEIATUBICTCHKOI KBaHTOBOI
MEXaHIKH BUIbHOrO enekTpoHa (eHeprii P,

M. ), (19),

iMynecy B, MOMEHTY KUIBKOCTI pyxy J,, Ta
iHTerpany pyxy Jy , IO Ma€ BIIHOLIEHHS 10
pPYyXy LIEHTpa eHeprii eNeKTPOHa) — HACII/IKIB

OJHOPIAHOCTI Ta 130TPOMHOCTI TMPOCTOPY-
qaCy —Mae€ BUTTIAQ
P=[FK'(RE TR, k=& k= k(1)

3y = [PKE Rk =kt 9 €k (22)
J0| :J‘dsk?T(T()[— { w}+(SX k) } |<),

(23)

IlikaBo BIiAMITUTH, 1[0, BHACIIIOK
TBepkeHb B 1 C teopemu 1, nomaTkoBUMH
IHTEeTpajJaMu pyXy € TaKOoX OKpeMO B3STi
opOiTajgpHI Ta CIIHOBI MOMEHTH KUIBKOCTI
PYXY elneKTpoHa, ToOTO

= [d*kF(R)(x k- % B B,

=[Pk (R s T (24)
=& (05 .} (R
=[ PRI (RS TH (25)
:M -3 :M. (26)
w+m

w+m

[Ipu 1mpoOMy, Ha BiAMIHY BiJ omepaTopiB

a"=(k, f,) 3 (19), (20),

3a70BOJIBHAIOTE P—rabmuiro (5), (6), i3 [1]

SIK1

OKpEeMO B3$T1 CIIIHOBI ollepaTopu S, Ta § He

3aJ0BOJILHSIOTH KOMYTAaIllHHUM CIIiB-
BigHomeHHsM (6) i3 [1], xowa ix cepenHi
3HaueHHS S, § (24), (25)Tex He 3anexarh

Binm dacy. lle o3Haudae, Mo y KaHOHIYHOMY
NPEJCTABICHHI B PENIATUBICTCHKIM KBaHTOBIN
MEXaHilli, 3aBASKH  HEJIOKAIbHOCTI  F—
300paxeHHs (15), He icHye NOHATTS OYCTOBOI
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YAaCTHHU JIOPCHIIOBOTO CITIHY SIK HE3aJICKHOI
BiJI S BCJIMYMHM,  NPUHAWMHI Y
BUKOPHUCTOBYBaHil TyT peamizauii (15), (26).

CDizanI/Iﬁ 3MICT 3aKOHIB 30€peKCHHS
P, J S, (21) - (25) € oueBumHHM.

3ayBaXUMO JOJATKOBO ACHIO MPO (i3UYHHUN
3MicT opbitanpHOro MomeHtry 3 (25). Jlms
[bOTO PO3TIITHEMO orepaTop

7 In’

1
CTIOCTEepeKyBaHOI N = 2{ a)} Ta ii cepenHe

saavenss N(t) . [IpuiimMaroun 10 yBaru nesHy

aHAJIOTIF0 KBAHTOBOI MEXaHIKH EJIEKTPOHA 3
HEPEJSITUBICTCHKOI0 MEXaHIKOI CYIIJIbHUX
CepelloBHIL, Yy SKIH panaiyc-BeKTOp pyxy
IIEHTpa Mac BHPAXKAETHCS YEpe3 BEINYHHH,
sKi BH3HAUAIOTh JIaHE cepeaoBuie (a came
yepe3 ryctuHy PO(t,X) macu Ta TyCTHHY

v(t, X) IIIBUJIKOCT), bopmynamu
R = [ d*p(t /[ dp( 1),
Veass(t) = I d 3Vt Y, Benuunnm

[doxi(, 7<)%(m+ wR) f(tR

R(t) =

(PO = [ d*xf'(t Yo f*(tﬁx)) (27)
v, =+
PO
NPUPOJHO  HA3BaTH  IEHTPOM  EHeprii
eJIEKTPOHA Ta MIBUAKICTIO PyXy LBOTO IIEHTPY
y JOBLTLHO-(1KCOBAaHOMY CTaHi

f=ft,)0H, (@

ICB). 3 o3HaYeHHs NHUX BEIMYHH Ta 3

JOBLILHO-(1KCOBaHIH

dbopmynu  (23) BUIUIMBAIOTH  HACTYIHI
bopmynu
R(t) =V t+ R,
N(t=0)_s"-F (28
R F%

Ile o3Hayae, MO ILEHTP €HEprii BIILHOTO

eNICKTPOHA PYXAa€ThCs MO 3aKOHY pyXy
BIJIbHOI ~ MarepiajbHOI TOYKH, MPUIOMY
pemmumaa  (-M® =S - J°)/ B BusHauae
IM0YATKOBE MOIOKEHHA R, 1bOro meHtpy (y
naniii  ICB). Takum uyuHOM, oOpOiTanbHa
yacTuHa M, Oycty |, Mae OKpemui

(bI3UYHMI 3MICT.
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BkaxkeMo TakoX, IO ONEpaTop CIriHa
elieKTpoHa S =0 /2 BuU3HAuYa€ BiIMOBIIHE

marpuune 300paxenns B I, rpymu O' (3)
pocTopi
YHIBEpCaIbHOT
wakpupatoyoi SU, rpymu O'(3)), a
oreparop PENATUBICTCHKOT IIBUIKOCTI
BU3HAYaeThCs 3a Teopemoro Ependecra

MIOBOPOTIB y
R®OM(1,2

peanbHOMY
(Toumime

V(X P)

i[a), _X] =—. (29)

e o

Came Takuii  omeparop  dirypye y
PENATUBICTCHKINM KBAHTOBIN MEXaHIIll 3aMiCTh
oreparopa IIBHIKOCTI v=p/m 3
HEPEJSITUBICTCBKOT ~ KBAaHTOBOi ~ MEXaHIKH
MaTepiaabHOI TOYKH 1 € aHAJIOTOM IIBUIKOCTI
V(t,X) y xmacuyHiii Teopii CepemOBHIIL.
Komnonentu muBuakocti (29) xomyTyroTh
Mk c00010, BOHM (IK 1 KOMIIOHCHTH
oreparopa crmiHa S=0/2) KOMyTyiOTh 3
OlepaTopoM EHeprii @, TOMYy CepenHE
3HAYCHHS

V=[xt 9U% D (1Y

(T T (20)
—_[d kf (k) f(K) kK w
HE 3QJIC)KUTH BiJI 4acy.

JIns  KBa3ilUIOCKOTO CTaHy BIIacHE
3HAa4YeHHs omepatopa IMmBHAKOCTI (29) Ta
cepenne 3uayenHs (30) cmiBmamae 3

IIBHJIKICTIO \70 y ¢opmyui (27)1 nopiBHIOE

- (31)

ne K, - IMOynbC IEHTpY MakeTy IUIOCKHX
(To6TO  KBa3iMIIOCKOrO CTaHy), a

@y =+ IZO +nT - BiANOBi/HA fiOMy eHepris.

3 HaBeJICHUX BUIIIC OCHOB
PENATUBICTCHKOT KBaHTOBOT MEXaHIKH
eNIeKTpoHa (K YaCTMHKA MacH M Ta CIiHa
s=1/2) y ii KaHOHIYHOMY MpEICTaBICHHI
BHUJHO, IIO0 TYT HEMa HISKUX MpoOIeM Yy
BHU3HAYEHHI Oyb-sKO1 3 MHOXUH
CTIIOCTEPEKYBAHUX €JIEKTPOHA (sx
BiANOBigHMX GyHKIOIA Big X, P, $) Ta ix

XBUJIb

GbiznyHiif iHTepIpeTanii. Hanpuxknan,
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3HIMAlOThCS BCl BiMideHi B pobOoti [1] y
nyHktax 3.1 — 3.4 TpymHomri, npuTaMaHHI
CHIHOPHOMY MOJTIO y JIOKaJIbHOMY
npeacrasieHHi Jlipaka.

3. PeasiTuBicTchbKa KBAaHTOBA MEXaHiKa
JAOBIJILHOTO S-MYJIbTHILIETY

Buznaunmo S -MyJIBTUIUIET SIK
KBAaHTOBOMEXAHIYHY YacTHHKY Macu M=0 1
noBibHO-(ikcoBaHoro SU, -crina

§:(§)E(§3’ S $)UD(SU,);
s, =(s 5). ab=1A

ne AXA -matpuni S, (3 JOBUIBHHM A) — 1e

, (32)

€pMITOBI Te€HEepaTopu IOBIILHO (DIKCOBAaHOTO
MAaTpU4YHOTO 300pakeHHd rpynu SU, vy

rims6eprosomy mpoctopi SA [ H3A 0§34
3 HaBeneHOro (OPMYIIOBAaHHS  PEJSATH-
BICTCHKOT KBAHTOBOI MEXaHIKH €IEKTpOoHa (SIK
YacTUHKM Macd M Ta cmina S=1/2) ta 3
BIAIIOBIAHUX JIOBEAE€Hb HABEAECHUX BHIIE
TBEP/UKCHb 3pO3yMiN0, SK (OPMYITIOETHCS
PENATUBICTCHKA KBaHTOBA MeXaHIKa
JOBITBHOTO S -MYJIBTHUILICTY.

3okpema, MiIKpecaIuMo, 1o aiaredpa
CIIOCTEPEXKYBAaHUX  OyJb-SKOTO  CIIIHOBOTO
MYJBTHIUIETY Yy TUIBOEPTOBOMY MIPOCTOPI

HB,A

BU3HAYAETHCS Yepe3 TpHU 3-BEKTOPHI

OTepaTopH, II0B’ s13aH1 3 IIOBLIBHO-
¢ikcoBanoro ICB, a came: depe3 omeparop
xkoopauHaty  XOR®*0OM(@,3), saxmit €
“ianexcom” KOHTUHYaJIbHOT CTEIEH]

BUIBHOCTI, OTlepaTop iMIyJbCcy P, KAHOHIYHO
crpsbkeHui 10 X, Ta omepatop cmina S (32) -
TeHepaTop A-MipHOTO MaTPUYHOTO
300paxeHHs cmiHoBoi rpymu SU,, sxa €
YVHIBEpCATBLHOIO rpynu
nosopotis O, y peanbHOMY 3-BUMipHOMY
npocropi R®* O M(1,3).

BkaxeMo Takox, 1110 300paxxeHHsT <
o

BU3Ha4a-

HaKpHUBaIOYOI0

TPy 1HBApIaHTHOCTI  PIBHSHHSA
(i9,-w)f(x)=0, fOH*,
erbesi reHepatopamu (15), y sxkux S=4/2

3amiHeHO Ha mgaHe S (32) (@iamoBigHO
3MIACHIOETHCA 3aMina S =0 /2 Ha maTpuii S
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(32) pmanoro MynbBTHIUIETY y BCIX I1HIIMX
bopmymax).

AHAJIOTIYHUM YMHOM Yy KaHOHIYHOMY
MpeACTaBICHH]  (OPMYJIOEThCS  KBaHTOBA
MeXaHIKa TaKUX HE3BITHUX S -MYJbTHUIUICTIB,

JUISL IKMX S° BU3HAYAETHCS HabOpOM CITiHIB 3
520,1,13,...

2 2

Haronocumo, 1110, SIK 1 y
JIeTaTi30BaHOMY BHWIIE BHIAIKy 3 S=0/2,
TyT TakoXX HeMma HISKuX npobiem Yy
BH3HA4YCHHI Oyab-IKOT 3 MHOXHWH CIIOCTe-
PSKYBAaHHUX JOBLIBHOTO S-MYIBTHILIETY (K
BignoBigHux GyHKOiH Big X, P, $) Ta ix
¢bi3uunil iHTepriperartii. Ile BigHOCHTBHCH,
HAMpHKIa, 10 PEISATHBICTCHKOI KBaHTOBOI
MEXaHIKH 4-KOMIIOHEHTHOTO  €JICKTPOHHO-
MO3UTPOHHOTO NyoOnery (me omeparop criHa
S 3amano B [1] y (18)), y sikomy cTaHu
€JIEKTPOHA Ta TMO3UTPOHA Yy MPOCTOPi CTaHIB
nayo6ineTa (irypyroTh IIJIKOM piBHOIIPABHO.

3ayBakxuMo, 110 PENATUBICTChKA KBaH-
TOBa MEXaHiKa Oyab-sKOTO S -MYJIBTHIUIETY
(30KpemMa eneKTPOHHO-TIO3UTPOHHOTO y0JIe-
Ty) HE iHBapiaHTHa BiJJHOCHO IEPETBOPCHB 3
noBHOI rpynu [lyankape, sika MICTUTh TaKOX 1
JTUCKPETHI MePETBOPEHHS, OCKITBKHU
KBaHTOBO-MexaHiune piBusHHS LD (7) He
iHBapiaHTHE BIJIHOCHO 1HBepciii yYacoBoi
3MmiHHOI t —» —t (Tak camo, sk 1 BiAMOBITHI
PIBHSHHS Y HEPENSATUBICTCHKIA KBAHTOBIH
MmexaHini). HeoOxinHi BIacTUBOCTI cUMETpii
BiTHOCHO TOoBHOI Tpynu [lyankape wae
MoJiboBe (HE KBAaHTOBOMEXAHIYHE) DPIBHSIHHS
@B (4)=(3).

4. BUCHOBKH

CdopmynpoBaHa PEIATUBICTCHKA

KBaHTOBa Me€XaHika yacTMHKM Macu M=0 i

criny S=1/2 y KaHOHIYHOMY TIPECTABIEHH]

@onmi — Borxoiizena, y skiii anredpa
CIIOCTEPEKYBAHUX Ta ix bizuvyHa
iHTepHpeTanis EKCIULYaTyIOTh SIBHO

HekoBapianTHi wmipu JlebGera (y mpocTopax
CIIEKTpiB), 1 3aBAsku LbOMYy (i3uyHa
1HTEepIpeTaris BEKTOPIB CTaHIB Ta
CIIOCTEPEeXKYBAaHMX TaK CaMO HAOYHA, 5K 1y
HEPEJSITUBICTCHKIA ~ KBAaHTOBIM  MEXaHIIli.
HaBenenuit ¢opmaniam  y3arajibHEeHO Ha
BUMQJIOK JIOBITBHOTO MYJBTUIUICTY, SIKHA
BU3HAYAETHCS CIIIHOBUMH MaTPULISIMHA
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S=(Ss S, S$,) K TreHepaTopamu Oynb-

aKoro 300paxkeHHss cmiHoBoi rpymu  SU.
Opnepxani  OWHAMIYHI  3MiHHI, SKI €
Hacimigkamu Ilyankape-cumetpii Teopii Ta
BOKJIMBUX JIOJATKOBUX CHUMETpiit. JlomaTkoBi
JUHAMIYHI 3MiHHI € HacHiKaMu TOro (akTy
mo y mnpeacraBieHHi donai - BoTxoizeHa
OKpeMo 30epiraroTbes 1 opdiTanbHa, i CriHOBa
YaCTUHU  4-MOMEHTY  KIJIBKOCTI  PyXY.
BusHayeHO TOHATTS IeHTpa eHeprii  S-
MYJBTHILIETY SK PENSTUBICTCHKOTO aHAJIOTyY
MOHATTS IEHTpa Mac y HEpPEeISITUBICTCHKIN
TeOopii CYIIbHUX CEPEIOBHII.
[IpoimrocTpoBano, 1o  dopmalizm
PENATUBICTCHKOT KBaHTOBOI MeXaHIK1
YACTUHKU SIK S -MYJIBTUIUIETY JIOBUIBHOT Macu
y  KaHOHIYHOMY  mpezactasienHi D
MIPUHITAIIOBO AHAJIOTIYHUM aKCIOMAaTHYHOMY
dbopmanizmy boH Heiimana [7]
HEPEJSITUBICTCBKOT ~ KBAaHTOBOi ~ MEXaHIKH
CUCTEeMH MAaTepiaIbHUX TOYOK 3 JIOBUIBHHM
YHUCJIOM CTENEHIB BiabHOCTI. [lokazaHo, mio
S-MyJIbTHIUIET SK 00 €KT PEeIATHBICTCHKOT
KBAaHTOBOI MEXaHIKM Yy 1ii KaHOHIYHOMY
dbopmymoBanHi Ty =~ ®B  moBHICTIO
aHAJIOTIYHUN HA0OpYy CYIUIBHHUX CEpPEIOBHIII,
SK 00’ €KTYy HEpPEIITUBICTCHKOI KJIACHYHOT
Gbi3uku, UIS  SKOTO KOMIIOHEHTH (COpTH)
cepeIoBUINa ACOIIIOIOTHCS 3 fioro
JTUCKPETHUMH CTEMEHSAMU BUTHHOCTI. OmHaK
CYTT€BA PI3HHMLA MK S-MYyJIbTHIUICTOM SK
00’ eKTOM KBaHTOBOT MeXaHIK1 Ta
0araTOCOPTHUM CYLIUJIBHUM CEpPEIOBUILEM SK
00’ €KTOM KJTaCH4YHOI (PI3UKH TOJISATAE Y TOMY,
0 SKII0O CTAaHU BKA3aHOTO CEpeOBHINA
3a/1al0ThCs HabOpamMu TYCTUH — (YHKIISIMH

(pa(t,f(), va(tJ()), a=1A, — o cTaHn §-

MYJIBTHUIUIECTY SK KBAaHTOBOI'O CCpCAOBHUIIA

3amaroThes Bekropamu T (t,X) = (f2(t, X)) A-
MIpHOTO  TUIBOEPTOBOTO  MPOCTOPY,  SKi
BU3HAYAIOTh  aMIUIITyAn  HWMOBIPHOCTEH

CIIOCTEPEeIKEHHST JIMHAMIYHUX 3MIHHHX S -
MynbTHIUIETY. Ll BimMiHHICTE BimoOpaxae
pI3HOpIBHEBY  CTAaTHUCTUYHICTh  BKa3aHUX
00’ €KTiB, a came, S-MYJIbTHUIUIETY, - Ha PiBHI

HMOBIpHOCTEH Horo IUHAMIYHUX
CIIOCTEPEIKYBAHUX, TOJI CYLIBHOTO
CepelloBUIlla — Ha PiBHI CaMHUX HOTO

JMHAMIYHHUX CTIOCTEPEKYBAHUX.
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ON THE RELATIVISTIC QUANTUM MECHANICS OF
THE PARTICLE WITH ARBITRARY MASS AND SPIN IN
THE CANONICAL FOLDY - WOUTHUYSEN
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The relativistic invariant formulation of the quant mechanics for the particle of mags= 0
and spinS:ZI/Z is suggested. The generalization for the arbitragjtiplet, which is determined by

the spin matricesS = (gg, Su §2) as the generators of the arbitrary representatidhe spin group

SU,, is fulfilled. The algebra of observables 8f-multiplet in the Hilbert space of its states wilte
Lebesque measure by mathematically well-defined pimgbically justified way is determined. The
elements of this algebra are the functions of tbeegated operators — the Hermit operators of space

coordinateX , momentumk and spinS in arbitrary-fixed inertial frame of referencesheldynamical
variables as the consequences of the Poincare syynuoifethe theory and the important additional
symmetries are found. The additional dynamicalaldés are the consequences of the fact that both
orbital and spin parts of the total 4-angular motemin the Foldy — Wouthuysen representation are
conserved independently. The concept of the caftemergy of S -multiplet as the relativistic analog

of the concept of centre mass in non-relatividteory of continuous media is determined.
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