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7KH�SUREOHP�RI�VWDELOLW\�DQG�VSHFWUXP�RI�OLQHDU�H[FLWDWLRQV��RI�D�VROLWRQ��NLQN��RI�WKHGLVSHUVLYH�VLQH�*RUGRQ�DQG�3���HTXDWLRQV�LV�VROYHG�H[DFWO\��,W�LV�VKRZQ�WKDW�WKH�WRWDOVSHFWUXP�FRQVLVWV�RI�D�GLVFUHWH�VHW�RI�IUHTXHQFLHV�RI�LQWHUQDO�PRGHV�DQG�D�VLQJOH�EDQGVSHFWUXP�RI�FRQWLQXXP�ZDYHV��,W� LV�VKRZQ�E\�QXPHULFDO�VLPXODWLRQV� WKDW�D� WUDQVOD�WLRQ�PRWLRQ�RI�D�VLQJOH�VROLWRQ�LQ�KLJKO\�GLVSHUVLYH�V\VWHPV�LV�DFFRPSDQLHG�E\�DULV�LQJ�RI�LWV�LQWHUQDO�G\QDPLFV�DQG��LQ�VRPH�FDVHV��FUHDWLRQ�RI�EUHDWKHUV��DQG�DOZD\V�E\JHQHUDWLRQ�RI�EDFNZDUG�UDGLDWLRQ��,W�LV�VKRZQ�QXPHULFDOO\�WKDW�D�IDVW�PRWLRQ�RI�WZRWRSRORJLFDO�VROLWRQV�OHDGV� WR�D� IRUPDWLRQ�RI�D�ERXQG�VROLWRQ�FRPSOH[� LQ� WKH�GLVSHU�VLYH�VLQH�*RUGRQ�V\VWHP�

,QWURGXFWLRQ
7KH� VROLWRQ� WKHRU\� RI� QRQOLQHDU� V\VWHPVLQ� WKH� ORQJ�ZDYH� OLPLW� LV� GHYHORSHG� TXLWHZHOO�>���@��7\SLFDO�H[DPSOHV�RI�VROLWRQ�H[FL�WDWLRQV�DUH�GLVORFDWLRQV�LQ�DQ�LPSHUIHFW�ODWWLFH>�@�� IOX[RQV� �PDJQHWLF� IOX[HV�� LQ� DUUD\V� RIWKH� -RVHSKVRQ� MXQFWLRQV� >�@�� PDJQHWLF� DQGIHUURHOHFWULF� GRPDLQ� ZDOOV�� DQG� QRQOLQHDUH[FLWDWLRQV� RI� PLFURWXEXOHV� LQ� QHUYH� WLVVXHFHOOV� >�@�� 7KHVH� WRSRORJLFDO� VROLWRQV� DUH� GH�VFULEHG� LQ� WKH� ORQJ�ZDYHOHQJWK� OLPLW� LQ� WKHIUDPHZRUN�RI�WKH�XVXDO�VLQH�*RUGRQ�DQG�3��PRGHOV� >���@�� 'LVFUHWH� YHUVLRQV� RI� WKH� V\V�WHPV�GHPRQVWUDWH�QHZ�SURSHUWLHV��ZKLFK�DUHNQRZQ�DV�WKH�GLVFUHWHQHVV�HIIHFWV�>���@��6XFKHIIHFWV� LQ� WKH� GLVFUHWH� VLQH�*RUGRQ� V\VWHPDUH�GHVFULEHG�E\�WKH�HTXDWLRQ�>�@�

�VLQ�� �����  ����ww �� QQQQQ XGXXXXW ���
ZKHUH� G LV� D� GLVFUHWHQHVV� SDUDPHWHU�� 6LQFHWKH� IUHTXHQF\� RI� OLQHDU� ZDYHV� & GHSHQGVVWURQJO\�RQ�WKH��ZDYH�QXPEHU�N�

�FRV����� � NGN �� �Z �����������

WKH�GLVFUHWH�PRGHOV�DUH�QDWXUDOO\�UHODWHG�WR�DFODVV� RI� KLJKO\� GLVSHUVLYH� V\VWHPV�� 7KHVWURQJ� VSDWLDO� GLVSHUVLRQ� LQ� ODWWLFH� V\VWHPVFDQ� FKDQJH� GUDVWLFDOO\� WKH� G\QDPLF� SURSHU�WLHV� RI� QRQOLQHDU� WRSRORJLFDO� H[FLWDWLRQV�� ,QWKH�PHGLXP�ZLWK� VWURQJ� GLVSHUVLRQ� WKH� QRQ�OLQHDU� ZDYHV� H[KLELW� D� FRPSOH[� LQWULQVLFVWUXFWXUH�ZKLFK�PDQLIHVWV�LWVHOI�LQ�WKHLU�DELO�LW\� WR� EH� IOH[LEOH��$V� D� UHVXOW�� GLVFUHWH� VROL�WRQV�FDQ�SRVVHVV�LQWHUQDO�GHJUHHV�RI�IUHHGRPDQG�� KHQFH�� LQWHUQDO� PRGHV� RI� RVFLOODWLRQV>�@�� $QRWKHU� H[DPSOH� RI� KLJKO\� GLVSHUVLYHPRGHOV� LV� D� FRQWLQXRXV� VLQH�*RUGRQ� PRGHOZLWK�QRQ�ORFDO�EXW�VKRUW�UDQJH�LQWHUDFWLRQ�>�@ZKLFK� LV� RIWHQ� HPSOR\HG� IRU� GHVFULSWLRQ� RIG\QDPLFDO�EHKDYLRU�RI�H[FLWDWLRQV�LQ�WKH�ORQJ-RVHSKVRQ�MXQFWLRQV�$QDO\WLFDOO\�WKH�VWURQJ�GLVSHUVLRQ�FDQ�EHWDNHQ�LQWR�DFFRXQW�E\�DGGLQJ�WKH�IRXUWK�RUGHUVSDWLDO� GHULYDWLYH� LQ� WKH� H[SDQVLRQ� RI� WKHVHFRQG�GLIIHUHQFH [[[[[[QQQ XXXXX J�|�� �� ��� ���ZKHUH� [ Q�G DQG� WKH� SDUDPHWHU� �  ����G��+RZHYHU�� WKH� XVH� RI� WKH� HTXDWLRQV� ZLWK� WKHIRXUWK�RUGHU� VSDWLDO� GHULYDWLYH� OHDGV� WR� DQDUWLILFLDO� LQVWDELOLW\�RI� WKH�X ��VWDWH�ZLWK� UH�VSHFW� WR� VKRUW�ZDYHV� JHQHUDWLRQ�� ,Q� IDFW�� WKH
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GLVSHUVLRQ� UHODWLRQ� IRU� OLQHDU� ZDYHV� LQ� WKHHTXDWLRQ�KDV�WKH�IRUP
����� �� TTT JZ �� ����������������

DQG� LW� LV� HDV\� WR� VHH� WKDW� WKH� IUHTXHQF\� EH�FRPHV�]HUR�DW�D�ILQLWH�T���7R�DYRLG�WKH�LQVWD�ELOLW\�� %RXVVLQHVT¶V� SULPDU\� LGHD� RI� XVLQJWKH�PL[HG�VSDWLR�WHPSRUDO�GHULYDWLYH��LQVWHDGRI� WKH� VSDWLDO� RQH�� KDV� EHHQ� DSSOLHG� WR� WKHGLVSHUVLYH� VLQH�*RUGRQ� DQG� GRXEOH� VLQH�*RUGRQ�HTXDWLRQV�>��±��@��5RVHQDX�>��@�KDVDUJXHG�IRU�WKLV�VXEVWLWXWLRQ�LQ�WKH�ODWWLFH�WKH�RU\�� DQG� SUHVHQWO\� WKLV� PHWKRG� LV� DFWLYHO\UHYLVHG�>������@�LQ�WKH�WKHRU\�RI�WKH�GLVFUHWH�QHVV� HIIHFWV�� ,Q� SDUWLFXODU�� LW� KDV� EHHQ� DOVRVKRZQ� >��@� WKDW� WKLV� DSSURDFK� LV� HIIHFWLYHXQGHU�WKH�GHVFULSWLRQ�RI�WKH�GLVFUHWH�EUHDWKHUHIIHFWV�LQ�WKH�)HUPL�3DVWD�8ODP�ODWWLFH�,Q� WKLV� ZRUN� ZH� VWXG\� WRSRORJLFDO� VROL�WRQV� DQG� WKHLU� ERXQG� FRPSOH[HV� LQ� WKHIUDPHZRUN� RI� WKH� VLQH�*RUGRQ� DQG� 3��HTXDWLRQV� ZLWK� WKH� PL[HG� VSDWLR�WHPSRUDOGHULYDWLYHV��:H�ILQG�H[DFW�VROXWLRQV�RI�WKHVHHTXDWLRQV�FRUUHVSRQGLQJ�WR�VWDWLF�NLQNV�DQG�DPRYLQJ�VROLWRQ�FRPSOH[��:H�REWDLQ� H[SOLFLWH[SUHVVLRQV� IRU� IUHTXHQFLHV� RI� LQWHUQDOPRGHV� RI� NLQNV� RI� WKH� HTXDWLRQV� DQG� VKRZQXPHULFDOO\�KRZ�WKH\�PDQLIHVW�WKHPVHOYHV�LQWKH� VLQJOH� NLQN� G\QDPLFV�� 7KHQ� ZH� VWXG\NLQN� LQWHUDFWLRQV� LQ� WKH� GLVSHUVLYH� VLQH�*RUGRQ� V\VWHP�DQG� ILQG� WKH� FRQGLWLRQV� RI� DIRUPDWLRQ�RI�ERXQG�WZR�VROLWRQ�FRPSOH[HV�LQD�KLJKO\�GLVSHUVLYH�V\VWHP�
'LVSHUVLYH�QRQOLQHDU�HTXDWLRQVDQG�H[DFW�VROLWRQ�VROXWLRQV

,Q� WKLV� VHFWLRQ�ZH� LQWURGXFH� WKH� GLVSHU�VLYH�VLQH�*RUGRQ�HTXDWLRQ��G6*(�� �VLQ  ��� XXXX [[WW[[WW E �������DQG�WKH�GLVSHUVLYH�3���HTXDWLRQ
��  ���� MMEMMM [[WW[[WW �������DQG�SUHVHQW�WKHLU�H[DFW�VROLWRQ�VROXWLRQV��7KHFRQVWDQW� � LQ� WKH� HTXDWLRQV ���� DQG� ���� LV

FDOOHG�WKH�GLVSHUVLYH�SDUDPHWHU��7KH�HTXDWLRQ����KDV�WKH�GLVSHUVLRQ�UHODWLRQ�RI�WKH�IRUP
��������� ��� NNN EZ �� ���DQG��KHQFH��VWDEOH�VWDWHV�ZLWK�X ��������� «>��@� LQ� FRQWUDVW� WR� WKH� HTXDWLRQ� ZLWK� WKHIRXUWK� VSDWLDO� GHULYDWLYH�X[[[[�� 7KH� HTXDWLRQ���� KDV� WZR� HTXLYDOHQW� VWDEOH� VWDWHV� ZLWKX ���DQG�WKH�GLVSHUVLRQ�UHODWLRQ
��������� ��� NNN EZ �� ��������

7KH�ILUVW�SHFXOLDULW\�RI�WKH�ERWK�VSHFWUD�LVD� ILQLWH� IUHTXHQF\� EDQG� IRU� FRQWLQXXPZDYHV�� ,W� VKRXOG�EH� DOVR�QRWHG� WKDW�ZLWK� WKHLQFUHDVH� RI� WKH� SDUDPHWHU� � ERWK� VSHFWUDOEDQGV� VKULQN� DQG� EHFRPH� PRUH� DQG� PRUHQDUURZ��:KHQ�� �� DQG�� ���� IRU� WKH� G6*(DQG� WKH� GLVSHUVLYH�3��� HTXDWLRQ� WKH� FRQWLQ�XXP� ZDYH� VSHFWUD� GHJHQHUDWH� WR� WKH� IUH�TXHQF\�YDOXHV�& ��DQG������ UHVSHFWLYHO\��)RU�!�� DQG� �!���� WKH� VSHFWUD� KDYH� PD[LPD� DWN ��DQG��LQ�JHQHUDO�� WDNH�WKH�IRUP�RI�RSWLFDOYLEUDWLRQ� EUDQFKHV� ZKLFK� DUH� W\SLFDO� IRUGLDWRPLF� V\VWHPV�� ,Q� IDFW�� LW� FDQ� EH� VKRZQWKDW�WKH�VORZ�YDU\LQJ�HQYHORSH�RI�RSWLFDO�RV�FLOODWLRQV� LQ� WKH� GLDWRPLF� V\VWHP� REH\V� WKHHTXDWLRQ�ZLWK�WKH�IRXUWK�RUGHU�PL[HG�VSDWLR�WHPSRUDO�GHULYDWLYH�7KH� GLVSHUVLRQ� UHODWLRQ� IRU� WKH� G6*(� DWVPDOO�N WDNHV�WKH�IRUP�ZKLFK�LV�VLPLODU�WR�WKHH[SDQVLRQ� RI� WKH� H[SUHVVLRQ� ���� IRU� WKHPRGHO�ZLWK�WKH�VSDWLDO�GHULYDWLYH�LQ�WKH�ORQJZDYH�OLPLW� �
�
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%\� FRPSDULVRQ� RI� WKH� H[SUHVVLRQV� ZHILQG� WKH� UHODWLRQV�EHWZHHQ� WKH�SDUDPHWHUV�RIWKH�WZR�PRGHOV��T ��������N DQG�� �������:KHQ� � ��� ERWK� HTXDWLRQV� EHFRPH� WKHXVXDO�/RUHQW]�LQYDULDQW�VLQH�*RUGRQ�DQG�3��HTXDWLRQV�� 7KHLU� VLPSOHVW� VROLWRQ� VROXWLRQV�NLQNV�� DUH� ZHOO�NQRZQ� >�@�� 7KHVH� VROXWLRQVGHVFULEH� LQKRPRJHQHRXV� VWDWHV� LQ� ZKLFKWRSRORJLFDO� VROLWRQV� FRQQHFW� WZR�PLQLPD� RIWKH� H[WHUQDO� SRWHQWLDOV� RI� WKH� PRGHOV�� ,W� LV
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HDV\� WR� VHH� WKDW� WKH� VWDWLF� NLQN� VROXWLRQV� RIWKH�XVXDO� VLQH�*RUGRQ� DQG�3��� HTXDWLRQV� UH�PDLQ� WKH� H[DFW� VROXWLRQV� RI� WKH� GLVSHUVLYHHTXDWLRQV�����DQG������7KH\�KDYH�WKH�IRUP���DUFWDQ�H[S�� [X  S ����������������
���WDQK���� [[  M �������������������UHVSHFWLYHO\��,Q�WKH�FDVH�RI�� ��WKH�PRYLQJVROXWLRQV� DUH� REWDLQHG� E\� WKH� XVH� RI� WKH/RUHQW]� WUDQVIRUPDWLRQ� RI� WKH� FRRUGLQDWH] �[±9W����±9����� LQ� WKH� H[SUHVVLRQV� ����DQG� ������ +RZHYHU�� LW� KDV� EHHQ� VKRZQ� >�����@� WKDW� WKH�PRYLQJ� VLQJOH� NLQNV� DUH� DEVHQWDV� H[DFW� VROXWLRQV� LQ� WKH� FDVH� RI������ 7KHHTXDWLRQV�IRU�PRYLQJ�VROXWLRQV�DUH�ZULWWHQ�DV�VLQ  �� XXX ]]]]]] D ��������������
��  ��� XXXX ]]]]]] D ����ZKHUH�WKH�SDUDPHWHU�. LV�GHILQHG�DV�IROORZV�� ��� �99ED  � ������������������������

7KLV� SDUDPHWHU� SOD\V� DQ� LPSRUWDQW� UROH� LQXQGHUVWDQGLQJ�WKH�G\QDPLFV�RI�WKH�GLVSHUVLYHPRGHOV��,W�LV�FOHDU�WKDW�IRU�VPDOO�� DQG�9 WKHG\QDPLFDO� SURSHUWLHV� RI� WKH�PRGHOV� KDYH� WREH� FORVH� WR� WKRVH� RI� WKH� XVXDO� /RUHQW]�LQYDULDQW� V\VWHPV�� 7KH� IRUPDO� SHUWXUEDWLRQWKHRU\�� FRQVLGHULQJ�. DV� D� VPDOO� SDUDPHWHU�JLYHV�H�J��IRU�WKH�NLQN�RI�WKH�HTXDWLRQ������LQWKH�ILUVW�DSSUR[LPDWLRQ�
����FRVKFRVKVLQK������ �� ��� ]]]]]X]X DS �����

,W� VHHPV� WKDW� WKH� DV\PSWRWLF� VHULHV� FRXOG�EHFRQVWUXFWHG� ZLWK� DUELWUDU\� DFFXUDF\� >��@�1HYHUWKHOHVV�� WKH� VHULHV� ����� DQG� D� VLPLODURQH� IRU� WKH� HTXDWLRQ� ����� GR� QRW� FRQYHUJH�WKHUHIRUH�HTXDWLRQV������DQG������GR�QRW�SRV�VHVV� VROXWLRQV� H[DFWO\� VDWLVI\LQJ� ERXQGDU\FRQGLWLRQV� IRU� VLQJOH� NLQNV�� 1XPHULFDOVLPXODWLRQV�FRQILUP�WKLV�IDFW��6HH�EHORZ��$W� WKH�VDPH� WLPH� LQ� WKH�FDVH�RI� WKH�GLV�SHUVLYH� VLQH�*RUGRQ� HTXDWLRQ� WKH� PRYLQJERXQG� WZR�VROLWRQ� FRPSOH[� VROXWLRQV� FDQ

H[LVW�� 2QH� RI� WKHP� KDV� EHHQ� IRXQG� DQDO\WL�FDOO\�>��@�
� ���

�� � �DUFWDQ H[S � �[ 9 WX [ 9S
­ ½§ ·�° °¨ ¸ ® ¾¨ ¸�° °© ¹¯ ¿ ����

ZKHUH� WKH� YHORFLW\� RI� WKH� FRPSOH[� LV� WKHIXQFWLRQ�RI�WKH�GLVSHUVLYH�SDUDPHWHU�
� �� � �� � � �9  � � ����������������������

2WKHU� VROLWRQ� FRPSOH[� SURILOHV� FDQ� EHIRXQG� QXPHULFDOO\� ZKLOH� WKHLU� YHORFLWLHVFRPSULVH� WKH� GLVFUHWH� VHW� RI� GHILQLWH� YDOXHV>������@�
6SHFWUD�RI�OLQHDU�H[FLWDWLRQV�RI�NLQNVLQ�KLJKO\�GLVSHUVLYH�V\VWHPV+HUH�ZH� ILQG� WKH� VSHFWUD� RI� OLQHDU� H[FL�WDWLRQV� RI� WKH� VWDWLF� NLQNV� JLYHQ� E\� WKH� H[�SUHVVLRQV� �����DQG� ������7KH�SUREOHP�RI� WKHVSHFWUXP� IRU� WKH� G6*(� LV� IRUPXODWHG� DV� WKHIROORZLQJ�� :H� VHHN� IRU� WKH� VROXWLRQ� RI� WKHHTXDWLRQ�����LQ�WKH�IRUP

��
� � � � � � � �� � � � H[S� �X [ W X [ X [ WX [ I [ L WSS Z � '   � ����

ZKHUH�ûX�[�W�� LV� DVVXPHG� WR� EH� VPDOO� ZLWKUHVSHFW� WR� WKH� NLQN� VROXWLRQ�� 7KH� OLQHDUL]HGHTXDWLRQ� IRU� WKH� IXQFWLRQ� I�[� LV� WKH6FKURHGLQJHU� HTXDWLRQ� ZLWK� WKH� ZHOO�NQRZQSRWHQWLDO�ZHOO�>��@
�� � �

�
��� � � � �FRVK� �

G I [G[ [I [
EZ

Z
­ ½� � � �  ® ¾¯ ¿ �������

2QH�FDQ�FRQVWUXFW�D�FRPSOHWH�VHW�RI�VROXWLRQVRI� WKH�HTXDWLRQ������XVLQJ�UHVXOWV� IRU� WKH�HL�JHQYDOXH� SUREOHP� SUHVHQWHG� LQ� >��@�� ,W� LVHYLGHQW� WKDW� WKH� FRQWLQXXP� VSHFWUXP� RI� WKHSUREOHP�LV�JLYHQ�E\� WKH� H[SUHVVLRQ� �����7KHGLVFUHWH�YDOXHV�RI�WKH�LQWHUQDO�PRGH�IUHTXHQ�FLHV� FDQ�EH� IRXQG� IURP� WKH� HTXDWLRQ� IRU� WKHGLVFUHWH�HQHUJ\�OHYHOV�
����� ��� ��� � ����� QEZZEZ ����
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ZKHUH�Q LV�DQ� LQWHJHU��7KH�QXPEHU�RI� OHYHOVLV�GHWHUPLQHG�E\� WKH�YDOXH�RI� WKH�SDUDPHWHU���7KH�]HUR�HLJHQYDOXH�&� ��FRUUHVSRQGV� WRQ �� DQG� WKH� JURXQG� VWDWH� HLJHQIXQFWLRQ� GH�VFULEHV� WKH� WUDQVODWLRQDO�PRGH��:LWK� WKH� LQ�FUHDVH� RI� WKH� SDUDPHWHU� � DOO� WKH� LQWHUQDOPRGH� IUHTXHQFLHV� GHWDFK� FRQVHTXHQWO\� IURPWKH�ORZ�HGJH�RI�WKH�FRQWLQXXP�VSHFWUXP��7KHWKUHVKROG�YDOXH�RI�WKH�SDUDPHWHU�� IRU�WKH�Q�WK�PRGH�LV�JLYHQ�E\�WKH�H[SUHVVLRQ�
��� �� �� QQQE �������������������

7KH� H[SUHVVLRQV� IRU� WKH� IUHTXHQFLHV� RIDOO�PRGHV� FDQ� EH�ZULWWHQ� H[SOLFLWO\��)RU� H[�DPSOH�� WKH� ILUVW� LQWHUQDO� PRGH� VTXDUHG� IUH�TXHQF\�KDV�WKH�IRUP
��� ���� �' �' EZ �

����� � E EEEE � ��� ' � ������ �
7KH� PRGH� GHWDFKHV� IURP� WKH� FRQWLQXXPVSHFWUXP�DW�VPDOO�� DV�IROORZV�

���������� ��� ���| EEZ ������
,WV� EHKDYLRU� FRLQFLGHV� TXDOLWDWLYHO\� ZLWK� WKHIUHTXHQF\� GHSHQGHQFH�RQ� WKH� GLVFUHWHQHVV�SD�UDPHWHU�LQ�WKH�GLVFUHWH�VLQH�*RUGRQ�V\VWHP�>��������@�� ,W� VKRXOG�EH�QRWHG� WKDW�LQ� WKH�FDVH�RIWKH� FRQWLQXXP� VSHFWUXP� GHJHQHUDWLRQ� �� ��WKH�ZKROH�LQILQLWH�VHW�RI�WKH�IUHTXHQFLHV�RI�LQ�WHUQDO�PRGHV�LV�H[SUHVVHG�YHU\�VLPSO\�

������ �� ��� QQQZ ����������������
7KH� SUREOHP� RI� WKH� OLQHDU� H[FLWDWLRQVSHFWUXP�RI� WKH�GLVSHUVLYH�3��PRGHO�NLQN� LVVROYHG�VLPLODUO\��$W� ILUVW�ZH�GHULYH� WKH� OLQH�DUL]HG�HTXDWLRQ�IRU�WKH�IXQFWLRQ�RI�VPDOO�GH�YLDWLRQV�IURP�WKH�NLQN�VKDSH

�� � � � � � � �� � H[S� ��[ W [ W [[ L WM M M\ Z'  �   ����

DQG�ILQDOO\�WKH�HTXDWLRQ�IRU� ��[\ �
�� � �

�
��� � � � �FRVK � � ��� ��

G [G[ [[
EZ \

Z \
­ ½° °� � � �  ® ¾° °¯ ¿ ����

7KH�HTXDWLRQ�IRU� WKH� VSHFWUXP�HLJHQYDO�XHV�FDQ�EH�ZULWWHQ�DV�IROORZV�
��� ����� ��� ��� � ����� QEZZEZ ������

7KH� WUDQVODWLRQDO� PRGH� ZLWK�Q �� DQG�&� �H[LVWV� LQ� JHQHUDO� DW� ����� 7KH� ILUVW� LQWHUQDOPRGH��Q ���FRUUHVSRQGV�WR�WKH�RVFLOODWLRQ�RIWKH� VROLWRQ�ZLGWK��7KH� H[SDQVLRQ� RI� WKH� IUH�TXHQF\�RI�WKLV�PRGH�DW�VPDOO�� KDV�WKH�IRUP
�������������������� �� ���| EEEZ ����

,Q� WKH�FDVH�RI�� �� LW� LV� UHGXFHG� WR� WKH�ZHOO�NQRZQ�VKDSH�PRGH�RI�WKH�XVXDO�3��PRGHO�
� �

�
� � � � �VLQ� �VLQK� � �� �VLQ� ��FRVK � � ��
[ W [ W[ W[

M \ Z'   
 ��������������

7KH�H[SUHVVLRQ�IRU� WKH�PRYLQJ�3��NLQN�ZLWKWKLV�LQWHUQDO�PRGH�FDQ�EH�REWDLQHG�E\�WKH�XVHRI� WKH� /RUHQW]� WUDQVIRUPDWLRQ�� ] �[�9W�����9����� DQG�2 �W�9[�����9�������,W�LV�HYLGHQW�WKDWWKLV�PRGH�GRHV�QRW�LQIOXHQFH�WKH�WUDQVODWLRQDOPRWLRQ� RI� WKH�PDVV� FHQWHU�� DQG� WKH� YHORFLW\RI�WKH�NLQN�LV�FRQVWDQW�,Q� D� GLVSHUVLYH� V\VWHP� WKH� H[FLWHG� NLQNXQGHUJRHV� VLPXOWDQHRXV� RVFLOODWLRQV� RI� LWVZLGWK�DQG�YHORFLW\��(YHQ�LQ�WKH�ZHDN�GLVSHU�VLRQ� OLPLW� WKH� NLQN� SOD\V� WKH� UROH� RI� WKHPRYLQJ�VRXUFH�RI� UDGLDWLRQ�DQG�FDQ�SURGXFHOLQHDU�H[FLWDWLRQ�ZLWK�WKH�ZDYHOHQJWK�� ���N�ZKHUH� WKH�ZDYH� QXPEHU� LV� GHWHUPLQHG� IURPWKH�HTXDWLRQ� �� �� 9NN  Z ��:LWK�WKH�GLVSHU�VLRQ� LQFUHDVH� WKH� HIIHFW� RI� LQWHUQDO� PRGHVJURZV�DQG�WKH�FRQWULEXWLRQ�RI�WKH�FRQWLQXXPZDYHV�GLPLQLVKHV��)LUVW�RI�DOO��WKLV�UHVXOW�FDQEH� DSSOLHG� WR� WKH� LQWHUSUHWDWLRQ� RI� WKH� NLQNPRWLRQ� LQ� WKH� GLVSHUVLYH�3��PRGHO� HYHQ� LQWKH� FDVH� . ���� GXH� WR� WKH� H[LVWHQFH� RI� WKHZHOO�GHILQHG� VKDSH� PRGH� ������ %HVLGHV� WKLV
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LQWHUQDO�RVFLOODWLRQ��WKH�VHFRQG�LQWHUQDO�PRGHLQ�WKH�GLVSHUVLYH�3��PRGHO�GHWDFKHV�IURP�WKHFRQWLQXXP�VSHFWUXP�DV�IROORZV�
������������������� ��� ���| EEEZ ����

7KXV� RQH� FDQ� H[SHFW� WKDW� LQ� WKH� FDVH� RIWKH� VPDOO� GLVSHUVLRQ� WKH� NLQN�PRWLRQ� LQ� WKHGLVSHUVLYH�VLQH�*RUGRQ�V\VWHP�FDQ�FDXVH�WKHH[FLWDWLRQ� RI� RQH� ZHDNO\�ORFDOL]HG� LQWHUQDOPRGH�ZLWK�WKH�IUHTXHQF\�RI�(T�������ZKHUHDVLQ�WKH�GLVSHUVLYH�3��PRGHO�WKH�PRYLQJ��NLQNFDQ�EH� DFFRPSDQLHG�E\� WZR�H[FLWHG� LQWHUQDOPRGHV�� ,Q� WKH� VWURQJ�GLVSHUVLRQ� OLPLW� WKH� LQ�IOXHQFH� RI� WKH� LQWHUQDO�PRGHV� EHFRPHV� FUX�FLDO�� 7KH� SUHGLFWLRQV� RI� WKH� WKHRU\� DUH� YHUL�ILHG�QXPHULFDOO\�LQ�WKH�QH[W�VHFWLRQ�
1XPHULFDO�VLPXODWLRQVRI�WKH�WRSRORJLFDO�VROLWRQ�G\QDPLFV:H�KDYH�LQYHVWLJDWHG�WKH�NLQN�G\QDPLFVLQ� WKH� GLVSHUVLYH� VLQH�*RUGRQ� DQG�3��PRGHOE\� FRPSXWHU� VLPXODWLRQ�� 7R� PRGHO� WKH� GLV�SHUVLYH�HTXDWLRQV�ZH�KDYH�XVHG�D�KLJKO\�VWD�EOH�GLIIHUHQFH�VFKHPH�ZKLFK�LV�VLPLODU�WR�WKHRQH�SURSRVHG�LQ�>�@��7\SLFDOO\�ZH�KDYH�XVHGWLPH�VWHS�ûW �������DQG�VSDFLQJ�û[ �����LQD�V\VWHP�FRQVLVWLQJ�RI������VLWHV��7KH�LQLWLDOH[SUHVVLRQV� IRU� WKH� VROLWRQ� HYROXWLRQ� KDYHEHHQ� WDNHQ� IURP� HTXDWLRQV� ������ ������ ����DQG� ������ 7\SLFDO� YDOXHV� RI� WKH� GLVSHUVLYHSDUDPHWHU�� KDYH�EHHQ����������������� DQG��DQG�WKH�LQLWLDO�YHORFLWLHV�9LQ KDYH�EHHQ�FKR�VHQ�LQ�WKH�LQWHUYDO�EHWZHHQ�����DQG�����

)LJ��� 7HPSRUDO� GHSHQGHQFH� RI� WKH� YHORFLW\� RI� WKHNLQN�PDVV�FHQWHU� LQ�WKH�GLVSHUVLYH�VLQH�*RUGRQ�HTXD�WLRQ�DW��  �����DQG�9LQ  ����

2XU� UHVXOWV� DUH� VXPPDUL]HG� DV� WKH� IRO�ORZLQJ��$W� YHU\� VPDOO� YDOXHV� RI� WKH� GLVSHU�VLYH� HIIHFWLYH� SDUDPHWHU�. �� ����� ZH� KDYHIRXQG�WKDW�WKH�G\QDPLFDO�SURSHUWLHV�RI�D�VLQ�JOH� NLQN� LQ�ERWK�PRGHOV�GLIIHU� VOLJKWO\� IURPWKRVH� LQ� WKH� XVXDO� /RUHQW]�LQYDULDQW� HTXD�WLRQV��+RZHYHU�ZLWK� LQFUHDVLQJ� YHORFLW\� WKHQHZ� HIIHFWV� WDNH� SODFH� ZKLOH� GHWDLOV� RI� WKHNLQN�PRWLRQV�KDYH�DSSHDUHG� LPSRUWDQW��)LUVWRI�DOO�ZH�KDYH�FDOFXODWHG� WKH�YHORFLW\�RI� WKHNLQN�PDVV�FHQWHU�DV� D�GHULYDWLYH�RI� WKH�NLQNFHQWHU�FRRUGLQDWH�RQ�WLPH��7KH�UHVXOW� IRU� WKHG6*(� NLQN� DW��  ����� DQG�9LQ  ���� LV� SUH�VHQWHG� LQ� )LJ���� 2QH� FDQ� VHH� WKDW� WKH� NLQNYHORFLW\� EHJLQV� WR� GHFD\� UDSLGO\� DQG� WKHQ� LWRVFLOODWHV�� DSSURDFKLQJ� DQRWKHU� TXDVL�HTXLOLEULXP�YDOXH��7KH�NLQN�WDLO�DOVR�VOLJKWO\RVFLOODWHV� EXW� QR� IRUZDUG� UDGLDWLRQ� LV� RE�VHUYHG��$V�D�ZKROH�WKH�NLQN�HYROXWLRQ�FDQ�EHGHVFULEHG�LQ�WHUPV�RI�WKH�FRPELQHG�PRGH�RIWUDQVODWLRQDO�DQG�LQWHUQDO�PRWLRQV�DIIHFWHG�E\WKH� UDGLDWLYH� GLVVLSDWLRQ� HIIHFW�� � )RU� ODUJHULQLWLDO�YHORFLW\��9LQ  �����WKH�NLQN�RVFLOODWLQJWDLO�EHFRPHV�YLVLEOH� �)LJ���� HYHQ� LI�ZH�KDYHVWDUWHG� IURP� WKH� LPSURYHG�NLQN�SURILOH� �����7KH� UROH� RI� WKH� UDGLDWLRQ� LV� PXFK� OHVV� IRUVPDOO�. LQ� WKH�GLVSHUVLYH�3��PRGHO�� )RU� WKLVFDVH� WKH�YHORFLW\�RI� WKH�3��NLQN�FHQWHU� LV� LQ�GLFDWHG� LQ� )LJ��� ZKHQ� WKH� LQLWLDO� YDOXH� ZDVFKRVHQ� DV�9LQ  ����� ,QVWHDG� RI� WKH� YHORFLW\GHFD\� ZH� VHH� WKH� WZR�IUHTXHQF\� PRGXODWHGYHORFLW\�� 7KLV� IDFW� UHIOHFWV� WKH� H[LVWHQFH� RIWZR� LQWHUQDO�PRGHV� ����� DQG� ����� LQ� WKH�3��NLQN�VSHFWUXP�DQG�OHDGV�WR�WKH�JHQHUDWLRQ�RID�FRPSOH[�EUHDWKLQJ�H[FLWDWLRQ�

)LJ���� 7KH� PRYLQJ� NLQN� SURILOH� ZLWK� WKH� RVFLOODWLQJWDLO�LQ�WKH�GLVSHUVLYH�VLQH�*RUGRQ�HTXDWLRQ�DW��  ����DQG�9LQ  ����
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)LJ���� 7HPSRUDO� GHSHQGHQFH� RI� WKH� YHORFLW\� RI� WKHNLQN� PDVV� FHQWHU� LQ� WKH� GLVSHUVLYH�3��HTXDWLRQ� DW� � �����DQG�9LQ  ����:KHQ� WKH� SDUDPHWHU�� LV� QRW� VPDOO� DQGWKH�YHORFLW\�LV�ODUJH�HQRXJK�WKH�G\QDPLFV�RIWKH�NLQNV�DW� WKH� ILUVW� VWDJH�EHFRPHV�VWURQJO\QRQ�VWDWLRQDU\� DQG� GLVVLSDWLYH� DV� LQ� WKHKLJKO\� GLVFUHWH� V\VWHPV� >�@�� $� QHZ� FKDQQHORI� WKH� NLQN� HQHUJ\� ORVV� DULVHV� GXH� WR� WKHEUHDWKHU� DSSHDUDQFH� DW� WKH� NLQN� ZDNH�� 7KLVSURFHVV� LV� GHPRQVWUDWHG� LQ� )LJ��� IRU� WKH�3��V\VWHP�� ZKHUH� WKUHH� FRQVHTXHQW� WHPSRUDOSRVLWLRQV� RI� WZR� H[FLWDWLRQV�� WKH� VWDWLRQDU\NLQN�DQG�WKH�VWDWLF�EUHDWKHU�PRGH��DUH�VKRZQ�$W� WKH� VDPH� WLPH� LI� WKH� SDUDPHWHU�. LVODUJH�GXH�WR�WKH�ODUJH�YHORFLW\��D�IRUPDWLRQ�RIWKH�ERXQG�VROLWRQ�FRPSOH[HV�EHFRPHV�SRVVL�EOH� LQ� WKH� KLJKO\� GLVSHUVLYH� VLQH�*RUGRQV\VWHP�� %HJLQQLQJ� WKH� VWXG\� RI� WKLV� SKH�QRPHQRQ��ILUVW�RI�DOO�ZH�ZHUH�FRQYLQFHG�WKDWWKH�H[DFW�VROXWLRQ������ZLWK�WKH�YHORFLW\�����LV� DEVROXWHO\� VWDEOH� DQG� WKH� VROLWRQ� FRPSOH[SURSDJDWHV� ZLWKRXW� DQ\� UDGLDWLRQ�� ,I� RQHFKRRVHV� WKH� LQLWLDO� SURILOH� LQ� WKH� VDPH� IRUPEXW� WKH� YHORFLW\� RI� WKH� FRPSOH[� LV� UDWKHUVPDOO��H�J���9LQ  �����WKHQ�WKH�FRPSOH[�LV�GLV�VRFLDWHG�LQ�WKH�H[SORVLYH�PDQQHU�DV�LQGLFDWHGLQ� )LJ���� 1RWH� WKDW� WKH� FRPSOH[� FHQWHU� KDVEHHQ� SODFHG� LQLWLDOO\� DW� WKH� SRVLWLRQ� [ ���+RZHYHU�� WKH� VWURQJ� UHSXOVLRQ� RI� NLQNV� KDVFDXVHG� WKHLU� PXWXDO� IDVW� HVFDSH� LQ� RSSRVLWHGLUHFWLRQV�ZLWK� WKH�YHORFLWLHV�9� §�������DQG9� §�������UHVSHFWLYHO\��:H�KDYH�DOVR�LQYHV�WLJDWHG�D�SRVVLELOLW\�RI� UHDOL]DWLRQ�RI� WKH� H[�FLWHG� VROLWRQ� FRPSOH[� VWDWHV� DV� LW� KDV� EHHQSUHGLFWHG� LQ� >��@�� ,QGHHG�� ZH� KDYH� IRXQGVXFK�D� VLWXDWLRQ� LQ� WKH�ZHDN�GLVSHUVLYH� FDVH

IRU��  �����DQG�9LQ  �����,W�LV�UHPDUNDEOH�WKDWWKLV�H[FLWHG�VROLWRQ�FRPSOH[�VXUYLYHV��)LJ���DQG�DSSHDUV�WR�EH�VWDEOH�

)LJ���� 7KH� PRYLQJ� NLQN� DQG� WKH� VWDWLRQDU\� EUHDWKHUPRGH�LQ�WKH�GLVSHUVLYH�3��V\VWHP�

)LJ����7KH�VROLWRQ�FRPSOH[�GLVVRFLDWLRQ�LQ�WKH�FDVH�RID� VPDOO� LQLWLDO� YHORFLW\� �9LQ  ����� LQ� WKH� GLVSHUVLYHVLQH�*RUGRQ�HTXDWLRQ�

)LJ����7KH�VWDEOH�H[FLWHG�VROLWRQ�FRPSOH[�VWDWH�DQG�WKHEUHDWKHU�PRGH�LQ�WKH�GLVSHUVLYH�VLQH�*RUGRQ�HTXDWLRQ�
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&RQFOXVLRQV
:H� KDYH� LQYHVWLJDWHG� WKH� LQWHUQDO� NLQNG\QDPLFV� DQG� WKH� VROLWRQ� LQWHUDFWLRQ� LQ� WKHGLVSHUVLYH�VLQH�*RUGRQ�V\VWHP��DQG�WKH�NLQNHYROXWLRQ� LQ� WKH� GLVSHUVLYH� 3��PRGHO�� )RUWKH�ILUVW�WLPH�ZH�KDYH�IRXQG�DQDO\WLFDOO\�DOOWKH� VSHFWUD� RI� OLQHDU� H[FLWDWLRQV� RI� VWDWLFNLQNV� LQ� WKH� PRGHOV� DQG� KDYH� VWXGLHG� QX�PHULFDOO\� D� ODUJH� YDULHW\� RI� WKH� G\QDPLFDOHIIHFWV� FDXVHG� E\� WKH� LQIOXHQFH� RI� WKH� GLV�SHUVLRQ�ZKLFK�DUH� LQKHUHQW� LQ�QRQOLQHDU�G\�QDPLFV�RI� WRSRORJLFDO�H[FLWDWLRQV� LQ� ODWWLFHVDQG� FRQWLQXRXV� V\VWHPV� ZLWK� QRQ�ORFDO� LQ�

WHUDFWLRQV�� :H� KDYH� VKRZQ� WKDW� WKH� SUR�SRVHG�PRGHOV�DGHTXDWHO\�GHVFULEH� WKH�PDLQIHDWXUHV� RI� RQH�GLPHQVLRQDO� GLVSHUVLYH� PL�FURVWUXFWXUHG� V\VWHPV� DQG�PDFURVFRSLF� ODW�WLFH�EDVHG�PHGLD��7KH\�FDQ�EH�FRQVLGHUHG�DVYHU\� DWWUDFWLYH� REMHFWV� IRU� D� VWXG\� RI� QRYHOXQLYHUVDO�HIIHFWV� LQ� WKH�QRQOLQHDU�GLVSHUVLYHPHGLD��,W�VKRXOG�EH�QRWHG�WKDW�D�ORW�RI�LQWHU�HVWLQJ� SKHQRPHQD� KDV� DSSHDUHG� WR� EH� EH�\RQG� WKH� VFRSH� RI� WKLV� VWXG\�� ,Q� SDUWLFXODU�WKHUH� LV� D� SUREOHP� RI� GHVFULSWLRQ� RI� WKHEUHDWKHU�SURSHUWLHV�LQ�WKH�GLVSHUVLYH�V\VWHPVZLWK�D�ILQLWH�EDQG�VSHFWUXP��1RZ�WKLV�ZRUNLV�LQ�SURJUHVV�
E�l_jZlmjZ

�� 9�(�=DNKDURY�� 6�9�0DQDNRY�� 6�3�1RYL�NRY�� /�3�3LWDHYVNLL�� 7KHRU\� RI� VROLWRQV�WKH� LQYHUVH� VFDWWHULQJ� PHWKRG� �1DXND�0RVFRZ���������� $�0�.RVHYLFK��$�6�.RYDOHY�� ,QWURGXFWLRQWR� QRQOLQHDU� SK\VLFDO� PHFKDQLFV� �1DX�NRYD�'XPND��.LHY���������� 1�)O\W]DQLV�� 6�&URZOH\�� 9�&HOOL�� 3K\V�5HY��/HWW�������������������� $�9�8VWLQRY�� %�$�0DORPHG�� 6�6DNDL�3K\V��5HY��%�������������������� 0�9��6DWDULF��-�$��7XV]LQVNL��5�%��=DNXOD�3K\V��5HY��(������������������ 0�3H\UDUG��3K\VLFD�'�������������������� 0�3H\UDUG�� 0�'�.UXVNDO�� 3K\VLFD� '� ��������������� 0�0�%RJGDQ�� $�0�.RVHYLFK�� 9�3�9R�URQRY�� ,Q�� 6ROLWRQV� DQG� $SSOLFDWLRQV�:RUOG� 6FLHQWLILF�� 6LQJDSRUH�� ������� S����������� *�/�$OILPRY�� 9�0�(OHRQVNLL�� 1�(�.XOD�JLQ�� 1�1�0LWVNHYLFK�� &KDRV� ��� ������������� 0�0�%RJGDQ�� $�0�.RVHYLFK�� ,Q�� 1RQ�OLQHDU�&RKHUHQW�6WUXFWXUHV�LQ�3K\VLFV�DQG%LRORJ\� �3OHQXP� 3UHVV�� 1HZ� <RUN�

�������1$72�$6,�6HULHV�%��3K\VLFV����9������S������������� 0�0�%RJGDQ�� $�0�.RVHYLFK�� 3URF�� (V�WRQLDQ� $FDG�� 6FL�� 3K\V�� 0DWK�� ���� ������������ 0�0�%RJGDQ��$�0�.RVHYLFK�� *�$�0DX�JLQ��&RQG��0DWW��3K\V������������������� 0�0�%RJGDQ��$�0�.RVHYLFK�� *�$�0DX�JLQ��:DYH�0RWLRQ����������������� 3�5RVHQDX�� 3K\V�� 5HY�� %� ���� �������������� 3�*�.HYUHNLGLV�� &�.�5�7�� -RQHV�� 3K\V�5HY��(�������������������� 3�*�.HYUHNLGLV�� ,�*�.HYUHNLGLV�� $�5�%L�VKRS�� DQG� (�6�7LWL�� 3K\V�� 5HY�� (� �������������������� %�)�)HQJ�� <�'RL�� DQG� 7�.DZDKDUD�� -�3K\V��6RF��-DS��������������������� <X�.LYVKDU�� %�$�0DORPHG�� 5HY�� 0RG�3K\V�������������������� /�'�� /DQGDX�� (�0�� /LIVKLW]�� 4XDQWXP0HFKDQLFV� �3HUJDPRQ�� 1HZ� <RUN���������� <X�6�.LYVKDU�� '�(�3HOLQRYVN\�� 7�&UH�WHJQ\�� DQG�0�3H\UDUG�� 3K\V�� 5HY�� /HWW������������������
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<GMLJ1RG1�FH>B�HKPBEYP1C�LHIHEH=1QGBOKHE1LHG1<�M K?J?>H<BS:O�1A�KBEVGHX>BKI?JK1/X
H�<�QZjd�gZ���0�0�;h]^Zg

N�abdh�l_og�qgbc��gklblml�gbavdbo�l_fi_jZlmj��f��;�1��<}jd�gZG:G MdjZ�gb��ijhki��E_g�gZ�����OZjd�\�������H�PDLO��FKDUNLQD#LOW�NKDUNRY�XD
Lhqgh� jha\¶yaZgh� ijh[e_fm� kl�cdhkl�� � ki_dljm� e�g�cgbo� a[m^`_gv� khe�lhgZ�d�gdZ��^ey�^bki_jk�cgh]h�j�\gyggy� kbgmk�=hj^hg� lZ�3��fh^_e���IhdZaZgh��shih\gbc� ki_dlj� dheb\Zgv� khe�lhgZ� kdeZ^Z}lvky� a ^bkdj_lgh]h� gZ[hjm� qZklhl\gmlj�rg�o�fh^� � h^ghahggh]h�kmp�evgh]h�o\bevh\h]h� ki_dljm��AZ�^hihfh]hxqbk_evgh]h� fh^_ex\Zggy� ijh^_fhgkljh\Zgh�� sh� ihklmih\bc� jmo� h^bghdh]hkhe�lhgZ� m kbkl_fZo� a kbevghx� ^bki_jk�}x� kmijh\h^`m}lvky� ihy\hx� \gml�j�rgvh�� ch]h� ^bgZf�db�� \ ^_ydbo� \biZ^dZo�� ml\hj_ggyf� [jba_j�\�� � aZ\`^b]_g_jZp�}x� \bijhf�gx\Zggy� m a\hjhlgvhfm� ^h� jmom� gZijyfdm�� Qbk_evghihdZaZgh�� sh� r\b^dbc� jmo� ^\ho� lhiheh]�qgbo� khe�lhg�\� ijba\h^blv� ^hnhjfm\Zggy� a\¶yaZgh]h� khe�lhggh]h� dhfie_dkm� m kbkl_f�� kbgmk�=hj^hg� a^bki_jk�}x�
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