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ON THE LONGITUDINAL ELECTROMAGNETIC WAVES
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294016, Uzhgorod

The exact solution of the Maxwell equations with gradient-like sources is
found. The interpretation of this solution containing not only transversal but also
longitudinal electromagnetic waves is given.

The investigation of longitudinal
electromagnetic waves in connection with the
Maxwell equations with gradient-like sources
was started in [1]. Here we add to these results
the procedure of search for a solution of such
kind of the Maxwell equations and our

interpretation of this solution.

Let us remind that the original Maxwell
equations with sources for electromagnetic
field strengths in the flat Minkovski space in
an arbitrarily fixed inertial reference frame
have the form

601? ~curlH = j, é’oﬁ +curlE = 0, divE = P> divH = 0,

E=(E" H=@H"), j=G).

Here E,H and ] are vectors of electric and
magnetic field strengths and of electric current
density, respectively (E', H', j', i=1,2,3, being
the Cartesian coordinates of these vectors), p
is some charge density; all the quantities
depend on

x=(x")=(" ) eRx’ =ct,0,=0/&".
Below we consider the case of

generalized electrodynamics in which the
Maxwell equations (1) contain not only the

- —

3,E —icurlE = j, divE =

o,

€]

electric but the magnetic sources too. We
obtain here the rezults for both the generalized
and traditional electrodynamics. In the terms
of the 3-component complex function

E=(&)=E-il @)
being used long ago by many authors (see,

e.g., [2-11]), which, as (" E , H ) pair, is called
the electromagnetic field, the generalized Eqgs.
(1) have the form

3

Here we consider the special case when in Eqs. (3) all the components j" of the 4-current

i=(j")=(p.j) p=i"j=(j)

Q)

are defined by one (scalar) function ¢ according to the formula

Ju==0,p: p=-0,p, )= -grad .
Due to the understandable reasons the
current (5) is called the gradient-like one (or

E=(&"). & =E"-iH'=¢p, E=(£')=E-iH
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the gradient-like source). In terms of 4-
component quantity

(6)
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Egs. (3) with gradient-like sources (5) can be rewritten in the manifestly covariant form [12]

Q,=0.&E, -0, +ie

Hvpo

or, alternatively, in the form

o, i0, -id, J, g’

A —id o, i0 o ?
ME=| 3 .0 1 2 |E€ —0

—J 1 -J 2 -J 3 ~J |l € 0
The tensor Quv in (7) has 3 independent
components only (it - follows from the

antisymmetricity of Qu and from the
properties of the Levi-Chivitta tensor g,ypc ),
so that the system (7) is the system of four
independent equations coinciding  with
equations (3), the equation (8) being a matrix
form of the equations (3) or (7).

The rewriting of Egs. (3) in the forms (7)
or (8) is useful first of all for investigations of
symmetry and some other properties of these
equations (see our papers [12-15]). Here we
note only the following.

It follows from (7) or (8) that every

component EN of 4-component function (6)
obeys the d'Alembert equation,
0"0,E # = (0. This means, as a particular
consequence, that the gradient-like current (5)
obeys the inhomogenity equation,
J,J" = 0. And if the function is real

(i.e., if H’=0) than the current ju is real too. If
o is a complex function (i. e.,H’#0 ) than

Re j=(pgsJz) IMj = (py,Ju) O

where subindices E, M mark the electric

—

(magnetic) charge pgym and current JEM
densities.

Below the most general case is
considered when, generally speaking, Imp=0,
although in every step one can put

Imgp=0=Imj=0=p,, = j,, =0.(10)

°E° =0, 0,8
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It is worthwhile to emphasize that even
in the case (10), the real scalar function ¢

generates electric currents JE and charges pg
which themselves cause the appearance of the
electromagnetic field. And the function

Q= g 0 in Egs. (8) (real or complex) can be
either an arbitrarily fixed one (but obeying the

equation & ,F%“® = 0) or even a field

variable called below as scalar (in general,
complex) field.

To ensure the consideration on the level
of conventional axiomatic approach being
mathematically well-defined, one can suppose
that Egs. (7)=(8) are defined in the generalized
Schwartz function space
S: = (S(R4)X C4) (i. e., in the space
of 4-component complex-valued quantities
f=(f.), each component f, of which being a
continuous-functional over the Schwartz space
S(R*) of test functions). This assumption
enables one to solve Egs. (8) by the Fourier
method, and one can find the general solution
of these equations with an arbitrary gradient-
like current by straightforward calculations,
without appealing to the electromagnetic
potentials.

Without going into the details of well-
known Fourier method we note only, that for

~

E

the Fourier transform the following

equation is valid

M(k)E(k)=0, keR’, E=(£") 1))

which is a homogeneous system of four
equations for the four generalized functions
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gl e S(R4)* . The calculation of the
corresponding determinant leads to the result:

kO k 1 k2 k3
k k ik —ik -
det M (k) =det| ' ° ? = (k- k),
(k) K, ik, kK, (kq ) (12)
ky, ik, —ik, |k,
Finally, one can easily obtain that Egs. superposition of these particular solutions.
(8) have 4 linearly independent particular Having made the suitable choice for these
solutions, and the general solution is the solutions, we have found the expression

E(x)= JAa”k[(c’u1 +c3u2)é;"’°‘ +(czu1 +C4u2)e”a]y fx = ot - k%, @ = |]€’ (13)

for the general solution of the Maxwell

equations (8) with gradient-like sources (the momentum K (or even as generalized

s o 3 *
natural system of units 2 = ¢ =1 is used), functions, c”&S(RY),
where ¢® are the amplitudes as functions of 3-
g g,| _ k
U, = 0)“2: l’eOEa)_’ (14)
and 3-component vectors é’$ o are the helicity operator for the photon (as the particle

eigenvectors of the quantummechanical with unit spin):

~ . - ~ 3: E — - o
heé, =he,, h=—, h=F10;, é =¢_, (15)
a

0 0 O 0 0 i 0 -i 0
s'=10 0 ~i, s*={0 0 O, =i 0 O (16)

0 i 0 -i 0 0 0 0 0

The formula (13) represents the exact is an important result even from the purely
solution of the Maxwell equations with mathematicaly point of view.
specific kl.n d Of inhomogenity determined by To visualize the result we rewrite the
the gradient-like sources (the wunusual - o -
magnetic sources can be easily put equal to formula (13) separatelly for € = E —~iH
zero; in this case we have c’=c*). Therefore it and @ = 50 .
E(x)= f d’ x[(cle'ikx +cte™ )é'_ + (c3e‘ik" +cte™ )éo ] 17
p(x) = Id3x(c3e_”‘" +cte™) (18)

As it is seen, the general solution of the gradient-like current (5) contains both
Maxwell equations (3) with an arbitrary transverse and longitudinal parts,
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E(x) =E"(x) + E™ (x). (19)
Of course, in the case
p=0=>p=j=0, ¢ =c* =0, (20

the solution of the Maxwell equations (3)
contains only a superposition of the transverse
waves  e_exp(Fikx)  (left-hand circular
polarized photons which are a basis for the
irreducible D(0,1) representation of the
Lorentz group SL(2,C)). Nonvanishing
gradient-like currents cause only the
appearance of longitudinal waves

(1; / w)exp(Fikx) . Moreover, if the scalar field

¢ (and, consequently, the gradient-like
current) related to the electromagnetic field

E =FE—iH according to the Maxwell
equations (7)=(8), is nonzero in an
asymptotically big space-time region, than the
longitudinal waves propagate in the same
asymptotically big space-time region. It should
be stressed that all the assertions of this paper
are related to the case of space, where the
electric and magnetic permeabilities g=u=1
(absence of medium).

From (21) one can easily find

- 20) ~ikx wq (kX
lon — 3 3 - 4 TNz
E(x)= Id k 2n)’ (c’e +c e " )é,,
Therefore, the longitudinal electric

waves can exist within the framework of
ordinary Maxwell's electrodynamics (without
magnetic monopoles) in the case, when the
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NPO NO3A0BXHI ENEKTPOMATIHITHI XBUI

LIO. Kpuscbkuit, B.M. Cumyaux

InctutyT enexrpounoi ¢isuku HAH Vkpainu, 294016, Vikropon,
BY/1. YHIBEpCHUTETCHKE, 21

OpnepxaHO TOUHAH PO3B’I30K piBHAHL MakcBena 3i CTpyMaMH rpafi€HTHOro
Tuarry. [Ipu inTepnperanii oxepkasoro po3s’3Ky OTPHMYEMO He JIHINE NOTepedHi,

ajie i Mo3M0BXHi €IEKTPOMArHiTHI XBII.
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