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SPIN 1/2 PARTICLE IN THE FIELD OF THE DIRAC
STRING ON THE BACKGROUND
OF DE SITTER SPACE-TIME

The Dirac monopole string is specified for de Sitter cosmological model. Dirac equation
for spin 1/2 particle in presence of this monopole has been examined on the background of
de Sitter space-time in static coordinates. Instead of spinor monopole harmonics, the
technique of Wigner D -functions is used. After separation of the variables, detailed
analysis of the radial equations is performed; four types of solutions, singular, regular, in-
and out- running waves, are constructed in terms of hypergeometric functions. The

complete set of spinor wave solutions ¥

£,j,m,

L(t,r,0,0) has been constructed, special

attention is given to treating the states of minimal values of the total angular moment .. .

Key words: Dirac monopole string, de Sitter space-time, Dirac equation, Wigner D -

function, hypergeometric function.

Introduction

De Sitter and anti de Sitter geometrical
models are given steady attention in the
context of developing quantum theory in a
curved space-time — for instance, see in [1, 2].
In particular, the problem of description of the
particles with different spins on these curved
backgrounds has a long history [3-36]. Here
we will be interested mostly in treating the
Dirac equation in de Sitter model.

In the present paper, the influence of the
Dirac monopole string on the spin 1/2 particle
in de Sitter cosmological model is
investigated. Such a problem for spinless
particle in the flat Minkowski space was first
considered by Dirac [37] and Tamm [38];
Harish-Chandra [39] obtained the exact
solution of Dirac equation for electron
interacting with magnetic-monopole field.
Instead of spinor monopole harmonics, the
technique of Wigner D -functions is used.
After separation of the variables radial
equation have been solved exactly in terms of
hypergeometric functions. The complete set of
spinor wave solutions ¥_; . (t,r,0,¢) has

been constructed. Special attention is given to
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treating the states of minimal values for total
angular momentum quantum number j_. ,

these states turn to be much more complicated
than in the flat Minkowski space.

1. Dirac particle in de Sitter space

The Dirac equation
according to [40] is used)

(the  notation

s Claa 1 al
‘:IJ/ (e(C)aa+EGb7/abc)_M:|\P:0 (1)

in static coordinates and tetrad of the Sitter
space (let ®=1-r?)
2
dS? = ddt? —%—rz(dez +sin2 0d¢?),

takes the form
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With a simplifying substitution we get
P (x) =ro ™y (x),
50 . 3 1
[| ﬁﬁt +|\/q_)7/ Or +F29’¢ -M ]l// =0.

Below the spinor basis will be used.

2. Separation of the variables

Let us introduce a Dirac string potential in
the de Sitter space-time model. It is convenient
to start with the monopole Abelian potential in
the Schwinger’s form for the flat Minkowski
space [41]

A*(X) = ( 3)

(F xn)(rn)

=)
Specifying n=(0,0,1) and translating the
A (x) to the spherical coordinates, we get
A,=gcosd. This potential A, obeys

Maxwell equations in de Sitter space as well.
Correspondingly, the Dirac  equation in
presence of this field A, takes the form

i ‘=0, +I«/_)/38+ S MJW:O,
%

where (below the notation eg/Aic =k will be
used)

,10,+(ic"* —k)cos o

Zop =170y +7 sing

(4)

As readily verified, the wave operator in (4)
commutes with the following three ones

(ic™ —Kk)cos ¢

J =1+
o sin@
ic™? —k)sing
3k =1, 4 (o —Rsing 3 =1 5
2 2 Sine 3 3 ()

which in turn obey the su(2) Lie algebra.

Clearly, this monopole situation comes
entirely under the Schrodinger [42], and Pauli
[43] approach; detailed treatment of the
method was given recently in [44]; similar
technique when treating the problem of any
spin particle in magnetic pole was used
previously in [45], though with no connection
with tetrad formalism.

Corresponding to diagonalization of the
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3i and J{, the function y is to be taken as

(D, =D’ (#,6,0) stands for Wigner
functions [46])
lek—l/Z
| f.D

k —iet | '27k+1/2
V,m(t.r.0.9)=e ~ (6)

: f3Dk—1/2

f4Dk+l/2

Further, with the use of recursive relations [46]
we find how the X, actson ),

5 m =iN(J +12)? —KPe
—f Dk -1/2 (10)
+f Dk+1/2(11)
+f 2D (12)

-fD

()
k+1/2

hereafter the factor /(j+1/2)°—k* will be

referred to as v. For the f,(r), the radial
system derived is
%fs—i@ifs—i%n—Mfl:O,
f, +|\/_ iL f,—Mf, =0,
\/_
f+|J_ iL £, —Mf, =0,
\/_
£ . d Y
—f,—ivo—f,—i—f, —Mf,=0. (8
Tg e g it oM =0 (@)
Else one operator can be diagonalized
together ~ with  i0,,35,J5: namely, a
generalized Dirac operator
K =77’ - ©)

From the eigenvalue equation K'w,;, = Ay,

we can produce two possible values for this 4
and the corresponding restrictions on f,(r)

A=-5J(j+V27 -k,

f, =5, f,=51,. (10)

Correspondingly, the system (8) reduces to
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dr r

(8-

we have translated equations to new functions
f=(f,+ )2, g=(f—f,)iv2.

Note the quantization rules:

jf -0, (11)

&

hc
JEk|-V2|k+12,|k|+3/2,...

=+1/2,+143/2,..;
(12)

The case of minimal value j_, =k|-1/2
must be separated and treated in a special way:
fl(r)Dk—l/Z

0(20) |
fS(r) Dk—l/2 ’
0
0
fZ(r) Dk+1/2
O b
f4(r) Dk+l/2

and the relation %, ¥, =0 holds. Thus, at
every k, the j . -equation has the same form

[i ijmin = O;

k>0

y/jmin. (X) = e_igt

yio () =e (13)

0
7—®8t+i7/3«/$(8r+%)—M

N
which leads to the same radial system
k=+1/2,+1,...
. d
%B—I@E f,— Mf, =0,
£ . d
Efﬁuﬁa f—Mf,=0; (14)
k=-12,-1...
: d
%fm@a f, —Mf, =0,
) d
%fz—lﬁa f,—Mf,=0. (15)

3. Radial equations in the case j..

For brevity, let us examine only the case
of the minimal value of j:
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k=+1/2,+1,...

& ] d

—f. —i® — f.—Mf, =0,

\/6 3 dl’ 3 1

& . d
— f +iJ® — f, —Mf, =0; 16
\/5 1 dr 1 3 ( )

from whence for new functions

h=(f,+f,)\2, g=(f—f,)/iv2 we derive
k=+1/2,+1,...
Jo-o

\/adih+(i+M
r

Jo
oL [ _mlh=0 @7
dr Jo
In the same manner for another case we have
k=-12,-1...
£ . d
— f, +ivO — f, —Mf, =0,
\/6 4 \/_dr 4 2
g . d
— f,—iNO— f, —Mf, =0; 18
=" o o f, - M, (18)
where g =(f,+f,)/\2, h=(f,—f,)/i2 we
obtain
JoLhi[ £ _m|g=o,
dr Jo
d £
®—g-|—+M |h=0. 19
Jo 9 ( N j (19)
To exclude additional non-physical
singular points, let us perform special
transformation over the functions
g+h=e"?(F+G),
g—h=e""?(F-G). (20)

After simple calculation we arrive at
k=+1/2,+3/2,...

(& o),
dp

cos p
+(+g+ M —%jG =0,

(i+igm—pj6+
dp

cos p
+(—g+ M —ljF —0,
2

(21)
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k=-12,-3/2,..

(i_igsmpjm
dp

cos p
+(+5—M —le =0,
2
sin p

(iﬂg JH+
dp cos p

+(—g—|v| —lje 0.
2

The difference between (21) and (22) consists
in the only change M «——-M.

In particular, the system (21) being
translated to the variable z

(22)

d

sinp:\ﬁ,izz z1-2)—,
dp dz

will take the form

Jﬁ(%—“@ﬁ

z 1-z
M+e—i/2
+—

d
z1-2)| —
N )(dz+
M —e—i/2
+—
2

From (23) it follow 2-nd order differential
equations for F and G respectively

G =0,

%j6+
1

F=0. (23)

d’F 1 dF
z(1-2) o +(§—Z)E+
{_E[M _ijz+g(g_i)}|: =0,
4 2) 4(1-7z2)
d’G 1 dG
z(1-2) &7 +(§—Z)E+
[}l[M—iT+£EjD}G:Q
4 2) 4(1-z2)

Let us introduce substitutions
F=z"(1-2)°F(2), G=2(1-2)"G(2).
At A and B taken accordingly
1 ic 1+i¢

_soa
2

A=

equation for F looks
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d’F
dz*

z(1-2) +

+[2A+i—(2A+ZB+1)z]d—F+
2 dz
1 i —
-—(M-=)*-(A+B)*JF =0
ul 4( 2) (A+B)’]

which s
parameters

of hypergeometric type with

a:A+B+"vI ;]'/2,

iM+1/2

b=A+B- , C=2A+1/2.

To have solutions non-vanishing in the
origin z=0, we take zero A=0. Thus there
arise two sorts of solutions depending on a
chosen B (in each case two linearly
independent solutions, regular and singular in
the origin, are written down)
the first

C= +1/2> Ifglo)nfzero(z) =F (a’b’ C; Z)’
Fo.,=7°F(a+l-c,b+1-c,2—-c;2),

_—_ig iM +1/2 b_—ig_iM +1/2
2 2 2 2

the second
y=+V2,FQ, o= F (. B.7:2),E s =

=2""F(a+1-y, f+1-7,2-;2),
where
l+ie IM+12
a= +

2

2 2
l+ie IM+1/2
p= 2 2

Now let us turn to equation for G ; at K
and L chosen according to

1 ic 1-i¢

K==,0, L=—, 25
2 2 2 (25)
it looks
-
z(l—z)d (23+ (36)
dz

+{2K +£—(2K +2L+l)z}d—G+
2 dz

—E(M—%]—u<+u2

G =0,
4

which is of hypergeometric type
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a’:K+L+IM 42-1/2’

iM +1/2 1

b'=K+L- , C'=2K+

We start with solutions non-vanishing in
the origin z=0, we take zero K=0. Thus
there arise two sorts of solutions depending on
a chosen B (in each case two linearly
independent solutions, regular and singular in
the origin, are written down)

the first
C'=+12, Glowo=F(@,b',c2),G%,=
=7"F(a'+1-c,b'+1-c',2-c";2),
, +He IM+1l2 , +ie IM+12
a'=—+ , b'=—"- ;
2 2 2 2
the second

7 +l/2 GE]?H zero(z) = F(O(’,ﬂ', 7/; Z)a
G(zszo = Zl 4 F(a!+1_7'7ﬂ’+1_7’5

2-2) o loie iM 412
7/ D) B 2 2 )
, l-ie iM+12
p= 2 2

Thus, we have constructed the following
four regular solutions

FO GO

non—zero? non—zero?
Due to the known identity for hypergeometric
functions

G(Z)

non-zero "

F(AB,C;2)=
=(1-2)°"*®F(C-AC-B,C;2)

we readily conclude that there exist only two
different ones

Fn(c:JLr)1 Zero = Fn(ozn) zero?
Gr%)n Zero Gr%% zero* (26)
The same is true for zero-solutions
szalr)o Fz(eig > GZ(:EL?’O Gz(izo (27)
Assuming relationship
d ig2
2 2(1_ Z) (E _Ej Fn(olr)1—zero
+(M +¢-i/2)G? =0.
we readily derive
aF,"" " +icG,™ =0. (28)
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And similarly, we can expect

Ig/sz(l)
z

1 non— zero

i/2)F2 =

zZero

24z(1-2) (%

+(M —-¢—
so that

angonfzero + iCVFOZeI'O — O. (29)

4. Standing and running waves, j= j...

Let write down results we need to proceed
further

Fnon zero (1_ Z)iidzula
zero (1 Z)ildzusa
Gnon zero — (1_ Z)+|5/2V1,
G, =11~ Z)*"E/ZVS, (30)
Ul = F(a’ b’C’ Z)’ Vl = F(a,abla C,a Z)a
—ie iM 412
2 2
2 2
,_tle IM+12
2 2
b’ = +_|5_|M +1/2’ =12,
2 2
We readily derive
Fnon—zero = (1_ Z)—ie/Zul

_r©r(c-a-b)g |
I'(c-a)l(c—b) ™

+1"(c)1“(a+b—c)
I'(a)l'(b)
F..=(0-2)"U,
:F(Z—C)F(c—a—b)F +
ra-arag-b >

N I'2-c)r(a+b-c) :

Ia+l-cr(b+1-c) ™

in?

where
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=(1-2)"*U,,F, =(1-2)"""U,.
Goonsers = 1—2)"%V,
_I(e)I(c—a- b)P n
I'(c—a)l'(c—-b)
+F(c)F(a+b—c)
r@rep) "
Zero (1 Z)+|.s/2V
_I@=c)r(c'-a' =), |
rl-a)ra-b) "
r2-c)r@+b'-c’
r@+1-c)r+1-c)

where

G, =(1-2)"?,,G,, = (1-2)"?V,.

out

5. Discussion and conclusions

To understand better the situation, let us
consider the case of minimal j. .. in the limit

of vanishing curvature. It is convenient to start
with the first order systems for minimal values
Jmin 1N the case of Minkowski space:

k=+1/2,+1,...
. d
8f3—|E f3—Mf1:0,

. d
€f1+|af1—|v|f3:0; (31)
k=-12,-1...
. d
8f4+|af4—Mf2:0,
. d
Efz—lafz—'vlf[l:o. (32)

Let us detail the case of positive
k=+1/2,+1,.... With notation

f,+f,
N h() \/— =g(r); (33)

relevant equations are
d
—h+(e+M)g =0,
dr

ig—(g—M)h=O. (34)
dr

Further, with the substitutions

h(r) =He™", g(r)=Ge”" (35)
we get (first let it be (s*—M?)>0)
yi=—("-M?*)=-p?

y =+ip,—ip,Gy—(e—M)H =0. (36)

Thus we have two linearly independent
solutions

h(r)=H,e™, g,(r)=Ge"™,
e- M

G, = H, (37)
ip
and
hz (I’) = Hzeiiprv gz(r) = Gzeiiprv
G,=My,; (38)

for simplicity, we will take H,=H, =1. It is

convenient to introduce linear combinations of
these solutions

D000 _ s pr
. ,
gl(r)zgz(r) " Mgnpr,  (39)
D=1 () _ i pr
2i ’
gl(r)— gz(r) _&~ M
- - cospr.  (40)

Now let us
(2 -=M?)<0:

specify the case

y =+0,—0,
—(e—=M)H =0. (41)

We have two linearly independent solutions

h(r)=He™",g,(r)=Ge"'",
c—M

Gl = Hl, (42)

hz (r) = Hzeiqr’ gz(r) = Gzeiqr’
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GZ=8_M H,. (43)
—q
Below H,=H,=1. We can introduce two
linear combinations of these solutions
mr); () _ coshar.
gl(r)—;gz(r) :g_M Sinh qr’ (44)
hl(r) ; h2 (r) —sinh qr,
gl(r)_ gz(r) — -M COSh qr. (45)

2

Evidently, above constructed solutions in
de Sitter model provide us with generalizations
of these in Minkowski space. It may be
verified additionally by direct limiting process
when p—o0. To this end, let us translate
solutions in de Sitter space to usual units ( p is
the curvature radius, E is the energy, c is the

light velocity, m is the electron mass)
2\ e 2
I:non—zero = (l_R_zj F(aa baC;R_z)a
p p

R2 +i%+l/2
erro = R(l__zj X
P

2

X F(a+1—c,b+l—c,2—c;R—2),
2

2\ 2
Gnon—zero = [1_ R_zj F (a': b', C, R_Z):
p p

R? ~igL+1/2
Gzero = R[l__zj x
Yo,

2
xF(a'+1—c,b'+1—c,2—c;R—2),
Yo,

Parameters of hypergeometric functions are

given by
c=la-t [+1/2 L Ep)},
2’ 2 h Ch
b:i{ i(—me+@)—1/z},
2 h Ch
c’:l a :l{+1/2+|(mc’o Ep)},
2’ 2 Ch
b'=1[ i(mep _ E/’) 1/2}
2 n
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Let us examine the limiting procedure at
p—oo in F(a,b,c;R*/p?). Because
1 ab R? 1 )
%

1 o7 —a(pR) ,
La@+ Do+ R | (pR)*
20 c(c+)  p? 41
1a(@+1)(a+2bb+1)(b+2) R
3 c(c+1)(c+2) P’
_(pR)°
6

and so on, we obtain the limiting relations

. R®
I|m F(a,b,c;—
Yo

) =cos pr =

I|m F

non-zero

(R) =cos pr,
(R) =cos pr. (46)

let us examine the

non-zero

IlmG
yoeel

In the same manner,
function

2
RF(a+1—c,b+1—c,2—c;R—2),
Yo,

A=a+1_C=3/2+|(2M +g)’

1/2—i(M -

B=b+l-c= ‘9),0:3/2.

Taking into account
AB 1
— —>—-=(pR)?%,
c 3!(I0 )
1 A(A+1)B(B+1 1
- ( ) ( ) +_(pR)4,
20 C(C+) 5!

1 A(A+1)(A+2)B(B+1)(B +2)
3 C(C+1)(C +2)

1 6
> (PR)”,
and so on, we arrive at the relationships

2
lim pRF(a+1—c,b+1—c,2—c;R—2) =sin pR,
e P

zero zero :Sln pR

lim pRF,,, =sin pR, lim pRG

P> px
Thus, indeed, solutions in de Sitter model

are extensions of more simple and well-known

ones in Minkowski space.
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YACTHUHKMU 31 CIITHOM 1/2 Y IPUCYTHOCTI
ABEJIEBA MOHOIIOJISAA HA ®OHI
HPOCTOPY-HACY JE CITTEPA

Y kocmonoriunii mozeni nge Cirrepa BHU3HAYEHO TOTEHIAa] JipaKiBCHBKOTO MOHOIOJS.
Jocmimkeno piBHsSHH J{ipaka B MPUCYTHOCTI IILOTO TIOJS B CTATUYHUX KOOPAWHATAX MPOCTOPY €
Cirrepa. 3aMicTh CIIIHOPHUX MOHOIOJBLHUX TAPMOHIK BUKOPHUCTaHO TeXHiKy D-dyHkmiit Birnepa.
Ilicnst po3miieHHs 3MIHHMX TPOBENEHO NETANLHUN aHajli3 OTpUMaHUX paialbHUX PIBHAHb, B
TepMiHaxX TIMEePreOMETPUIHNX (YHKIIH MOOYyJAOBaHO YOTHPH THIHM PO3B'SI3KIB: CHHTYISPHE,
perymspHe, ODKydi XBHI, sIKI CXOAATHCS 1 po30iraroThcs. 3HAHICHO MOBHUN HaOIip XBWILOBUX

posB'askis ‘¥, im ,(t,r,0,9), ocobnuBy yBary NpHIiTeHO OCTIKCHHIO CTaHIB 3 MiHIMAIEHHM

3HAYCHHSIM ITOBHOTO KyTOBOTO MOMEHTY Jpmin.

KuouoBi cjioBa: moTeHIIad JipakiBCbKOTO MOHOMOJS, mpoctip-dyac ne Citrepa, piBHAHHA
Hipaxa, D-dbynkuis Biraepa, rinepreoMerpudHi QyHKITII.
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YACTHIBI CO CIIUHOM 1/2 BITIPUCYTCTBUU
ABEJIEBA MOHOIIOJISAA HA ®OHE
IHPOCTPAHCTBA-BPEMEHU AE CUTTEPA

B kocmonoruyeckoit mogenu e Currepa ompeneseH MOTEHIHAN JUPAKOBCKOIO MOHOIOJISA.
VpaBHenue [lupaka B NPUCYTCTBHH 3TOrO IOJSA HCCIEAYeTCS B CTaTUYECKUX KOOPAMHATAX
npocTpaHcTBa ge Currepa. BMECTO CIMHOPHBIX MOHOIONBHBIX TAPMOHUK HCIONB3YETCSI TEXHHUKA
D-pynkumit  Burnepa. Ilocne paspmeneHHss TEpEeMEHHBIX MPOBEIECH JETalbHBI  aHaju3
[OJIyYEHHBIX DPAaJUalbHBIX YPABHCHWM, 4YETBIPE THIIA DPEIICHUI: CHUHIYJSIPHOE, DPETyJIIpHOE,
pacxojsiiuecs ¥ CXOJsIIUecss Oeryniue BOJHBI IOCTPOCHBI B TEPMUHAX T'MIEPTEOMETPHYECKUX

¢dyuxuuit. Haiinen nonusiit Habop sonnosbix pemenuit V', ;o (t,r,0,0), ocoboe BHEMaHHE

YIEIEHO HCCIIESIOBAHUIO COCTOSHHI ¢ MUHUMAIBHBIM 3HAY€HHEM ITOJIHOTO YIIIOBOTO MOMEHTA jmin.
KnaioueBble cjioBa: MOTEHIMAN AWPAKOBCKOTO MOHOIIONS, NPOCTPAHCTBO-BpeMs ae Currepa,
ypaBHeHue J{upaka, D-dpynkuns Buraepa, runepreomerprdeckas QyHKIHSA.
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