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Introduction

In many cases, mathematical models of
various processes of the nature can be
described applying differential equations
(linear or nonlinear) in the spaces of different
dimensions and different types (Euclidean,
non-Euclidean, and etc.). The majority of these
equations have non-trivial symmetry groups
(see, for example, [1, 2, 3, 4, 5, 6, 7, 8]).

Indeed, there are many differential
equations, to solve different problems of
theoretical and mathematical physics (see, for
example, [6, 9, 10, 11, 12, 13, 14, 15, 18)),
which are invariant under the generalized
Poincaré group P(1,4). The group P(1,4) is a
group of rotations and translations of the five-
dimensional Minkowski space M(1,4).
Continuous subgroups of the group P(1,4)
have been described in [18,19, 20] .

To investigate some of the above
mentioned differential equations as well as
other differential equations defined in the
space M(1,4)xR(u) [21] and invariant under
the group P(1,4) or under its non-conjugate
subgroups, we can use non-singular manifolds
in the space M(1,4)xR(u) invariant under the
non-conjugate subgroups of the group P(1,4).
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Here, and in what follows, R(u) is a real
number axis of the depended variable u.
However, the possibilities of these applications
as well as the results obtained will depend on
properties of these manifolds. Properties of the
manifolds depend on the structure of non-
conjugate subgroups of the group P(1,4).
Therefore, the investigation of the connection
between the structure of non-conjugate
subgroups of the group P(1,4) and the
properties of corresponding to them non-
singular invariant manifolds are important
from different points of view.

The objective of the paper is the
classification of non-singular manifolds in the
space M(1,4)xR(u) invariant under one- and
two-dimensional non-conjugate subalgebras of
the Lie algebra of the group P(1,4).

The classification of the low-
dimensional non-conjugate subalgebras of the
Lie algebra of the group P(1,4) has been
performed in [22].

By now, using the results of [22], we
have classified the non-singular manifolds in
the space M(1,4)xR(u) invariant under one-
and two- dimensional  non-conjugate
subalgebras of the Lie algebra of the group
P(1,4).
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To show the results obtained, we have
to consider the Lie algebra of the grde(d.,4).

The Lie algebra of the Poincaré group
P(1,4) and its representation

The Lie algebra of the group(1, 4) is

defined by the 15 basis elements
My =-M,,, Kv=01..,4, and
P, u=01,...,4,

“!
that satisfy the commutation relations

[Pp'Pv] =0, [Mpv’Po] = gvopp - gpopv’
[Mpv'Mpc] = gponp + gvapc - gpvao - gchpp

where g, p,v=0,1,...,4, is the metric tensor
with componentsgy,, =-g;;, == 0y, =~ g3 =
=-g4 =1andg, =0,if uzv.

Let us consider the following representation of
the Lie algebra of the group P(1,4):

-0 — -_ 0
Fo = 0x, ' & ox, ' P2 ox.,
__ 0 __ 0 - -
P; = E )y = E, My =X,R, = xR
uv =01,...,4.

We pass fromm, and P, to the linear
combinations

G =Mg, Ly =My, Ly =-My5, Ly =My,
PazMa4_MOa CazMa4+M0a'(a_1’213)!
_1 _
Xo =5(Po = Ps), X =R, (k =1.2,3)

non-conjugate subalgebras of the Lie algebra
of the group P(1,4) can be written as

F(31.353,) =0,

whereF is a smooth function of its arguments
and {J,,3,,.....,9,} are functional bases of

invariants (FBI) of the one-dimensional non-
conjugate subalgebras of the Lie algebra of the
group P(1,4). More details about the non-
singular manifoldsinvariant under the local
Lie groups of point transformations;*™ can

be found in [1, 3].

As we see, in order to construct these
manifolds, we need FBI in the space
M(1,4)xR(u) of one-dimensional non-
conjugate subalgebras of the Lie algebra of the
group P(1,4). Earlier, we studied FBI [24, 25]
in the space M(1,4) for non-conjugate
subgroups (the conjugation was considered
under the proper ortochronous group P(1,4)) of
the group P(1,4).

However, while constructing these FBI,
it turned out that different non-conjugate
subalgebras of the Lie algebra of the group

P(1,4) might have the same ones.
Consequently, there is no one-to-one
correspondence between non-conjugate

subalgebras of the Lie algebra of the group
P(1,4) and their respective FBI. Moreover,
some of the FBI (which are of the same
dimension) may be equivalent. More details on
this theme can be found in [26, 27]. Our aim is
to obtain only non-equivalent FBI. Recently,
using the criterion of equivalency [26, 27], we
constructed the non-equivalent FBI in the
space M(1,4)xR(u), which were invariant
under the non-conjugate subgroups (the

In the present paper, we use the complete list conjugation was considered under the group

of non-conjugate (up t®(1, 4) -conjugation)
subalgebras of the Lie algebra of the group
P(1, 4) given in [23].

Classification of non-singular manifolds in
the space M(1,4)xR(u) invariant under one-
dimensional non-conjugate subalgebras of
the Lie algebra of the Poincaré group P(1,4)

The non-singular manifolds in the space
M(1,4)xR(u) invariant under one-dimensional
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P(1,4)) of the group P(1,4). The knowledge of
these non-equivalent FBI allowed us to
construct those non-singular manifolds in the
space M(1,4)xR(u) invariant under non-
conjugate subalgebras of the Lie algebra of
the group P(1,4).

In this section we restrict ourselves to the
consideration of the non-singular manifolds in
the space M(1,4)xR(u) invariant only under
one-dimensional non-conjugate subalgebras of
the Lie algebra of the group P(1,4). To classify
these manifolds we have wused the
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classification of low-dimensional subalgebras 5. |_3>;

of the Lie algebra of the group P(1,4), which Ua

was performed in [22]. According to this F XO,Xg,X4,(Xf+X§) ,u):O;
classification, all one-dimensional non-

conjugate subalgebras of the Lie algebra of the

group P(1,4) belong to the same class, which 6.<L3+£(P +C )>

are denoted by A More details about the 2V 7B
classification of the real low-dimensional Lie 2 2 2 \V2
algebras into classes of isomorphic algebras F(XO’(X1 +X2) ’(X3+X4) '
can be found in [28, 29, 30]. XX, — XXy u) -0

Proposition 1[22]. y

_ _ 7.<L3+—(P3+C3),0</1 <1>:
There exist 20 non-conjugate subalgebras of 2
the type A, of the Lie algebra of the grou 12 12
e AT UOD e, )" ()

Consequently, there exist 20 non-singular A arctanﬁ— t’ﬂertt’:lI;l(X1 Uj = (
manifolds in the space M(1,4)xR(u) invariant % 4
under the non-conjugate subalgebras of type
A, of the Lie algebra of the group P(1,4). 8.<X0 + x4> :
Below, for each non-conjugate = - 0:
subalgebra of the type Af the Lie algebra of (%% %3, X,,u) = 0
the group P(1,4), we write its bases elements
and corresponding non-singular invariant 9-<X4 - Xo> :
manifold in the space M(1,4)xR(u). E (Xo, X, X, x3,u) =0:
1.(R):
< 3> 2 2 2\1/2 1O'<X4>:
F (Xl Xy, Yo+ X (X5 X5~ 5) ,u) =0 F (X *+ Xg» Xps Xgy X5, U) = O;
2.(G): 11.(P,-2X,):
Fx, X, X (xz—xz)l/2 u)=0; 2
X0 X0 Xau (X0 = Xg) ’ F X, X, (X X,)" + 4X,,
1 3
3.(L,-P): xo—x4+g(x0+x4) +x3(x0+x4),uj=0;
F(x0+x ,(xg—xg—xﬁ)m,
12'<Ps a X1>
2, J2\V2 X X3 _ 1/2
(X1+X2) ’arc'[anx_z+X0+)(4 “j_ 0 F(XZ,XO+X4,(XE—X§—X2) )
5 -0
4<L3+AG,A>O> % XQ+x4’u]_O’
F ()(3' (XS _ X§)1/2 ’ (Xf+ X;)l/Z’
13({G+aX,, a>0):
In(% +X4)+/‘ar0ta”% “j =0 F (><1—aln(X0+x4), N ,u) = 0;
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14(L,-P,+2aX,,a>0):

F((xf + xzz)m, 2ar arctar - Xo= X,
X

2
(% + x4)2 +4arx,, 2(X,+ x4)3 +

+120% (%, = X, ) + 120%,(X, + X,) ,u) =0

15(L,+AG+aX, A>0,a>0):
F((Xg _X§)1/2, (X12+ X§)1/2’

aln(x, +x,) = Ax;, o arctan’t + Xq uj =0

X

16.(L,+a (X, +X,),a>0):

F(X3, Xys (Xf + X;)llz’aarctan)):l—z— Xo uj =
17.<L3+Q'X3,a>0>:

F(XO' Xar (Xf +X§)l/2,aarctan))<(l_2+x3 “j = C
18.(L, +2X,):

) 2\1/2
F %+ %, %5, (X +35)

2arctan)i—x0 + X, uj =0

X

19.

<|_3 +%(P3+C3)+a(xo+ X,),0<A<1la> o>

F((Xf+X22)1/2,(X§+X§)1/2,xo—a'arctanﬁ ,
%
/1><O—crarctané uj: 0;
X4
20-<L3+%(P3+C3)+0'(X0+X4),a'>0>;
) (e xd)" xxm xx,
x, - ararctan’ uj: 0
X4
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Classification of non-singular manifolds in
the space M(1,4)xR(u) invariant under two
- dimensional non-conjugate subalgebras of
the Lie algebra of the Poincaré group P(1,4)

In this section we present the non-
singular manifolds in the space M(1,4)xR(u)
invariant under two-dimensional  non-
conjugate subalgebras of the Lie algebra of the
group P(1,4). To classify these manifolds, we
used the classification of low-dimensional
subalgebras of the Lie algebra of the group
P(1,4), which was performed in [22].
According to this classification, all two-
dimensional non-conjugate subalgebras of the
Lie algebra of the group P(1,4) belong to two
different (non-isomorphic) classes, which are
denoted by 2Aand A .

First, we present the non-singular
manifolds in the space M(1,4)xR(u) invariant
under the two-dimensional non-conjugate
subalgebras of type 3AAbelian subalgebras)
of the Lie algebra of the group P(1,4).

Proposition 2[22].

There exist 38 non-conjugate subalgebras of
the type 2A1 (Abelian subalgebras) of the Lie

algebra of the group P(1,4).

Consequently, there exist 38 non-singular
manifolds in the space M(1,4)xR(u) invariant
under the two-dimensional non-conjugate
subalgebras of type 2/of the Lie algebra of
the group P(1,4).

Below, for each two-dimensional non-
conjugate subalgebra of the type;2Athe Lie
algebra of the group P(1,4), we write its bases
elements and corresponding non-singular
invariant manifold in the space M(1,4)xR(u).

1.(R,P,):

2 _y2_y2_y2\Y? )=
x4,x3,(x0—x1—x2—x4) ul=0;
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4.(P,, Xy): 14.(L;, P, +C,):
F(Xz,xo+x4,(x§—x§—x§)l/2,u):O; F(xo,(xf+x§)l/2,(x§+xj)1/2,u):o;
5B X, 15.{ Xy + X, X 4= X o)
F (% +X,, X, X,,U) = 0; F (%, %, X, U) = O:
6.(G, X,): . 16.(X,, X,):
F(XQ’X3’(X0_X4) ,U)=0; F (% +X,, X,, X3, U) = 0;
7L =Py X,): 17.(X, X, = Xo):
F o +2)" F (%0 0,) =0

arctanl +—3 “j: 0 18(L, +a (X, +X,), X, a>0):

X XotX, "

8.(Ly +AG, X5, 4> 0):

F((X§-X§)1/2,(Xf+><§)m, 19.(L, +a (X, + X,), X, = X0 >0):

(5 +) + Aarctan’s uj= 0 F(xy(xhxs)“,xo-aarctanf_z uj=
9.(L,, X,): 20(L, +aX,, X, a>0):
F (x3 Xo + X, (xf +x§)1/2,u) =0; F(xO +X,, (xf +x§)l/2,a'arctan))((l—2+x3 p
10.(Ly, Xo + X,): 21(Ly+aXg Xo+ X, a>0):

1/2
F()(s,x4,(x12+x§) ,u):O; F(XM(X12+X§)1/2,aal’Ctanﬁ+x3 uj:
X

11.(Ly, X, = X,):

F (5 (6 422),u) =0 22,(Ls + X3, Xy~ Xo,@>0):

s 2\U2
F Xg(x1 +x2) ,aarctanx—z—xo—x4u = Q

G

J= o

G

F(xo,(xf+x§)”2,a'arctanﬁ+x3 uj: G
12.<L3+%(P3+C3),X0+X4>: &
(( )1/2 ( 2) /2,X1X4—X2X3U)=0; 23<L3+2X X >
F(x0+x (x1+x )12,
13<L3+ P+C +X4’O<A<1>: 2arctanﬁ—x0+x uj— 0
I
(()(12+X )1/2 ( 2)1/2 X2
4 ’
24.(G+aX,, X, a>0):
X _ X3 - /
Aarctang arctaF)i(: uj ( F(Xg,(XS—xi)lz,xz—aln(x0+x4),u):O;
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25.(P, = X, X,): 33.(L; +2X,,P,~ 28X,,8> 0:

F (% * % X0 Xo = Xy(Xo+ ) ,U) = O; (06 +56)" (xo x.)7 + 48,
26.(R - X,, X,): 4,8arctan:l—2— B(% —x,)-

F(Xo +x4,ﬁ—x2,(Xﬁ—Xé—Xi)u2 ,uj =0; _é(xo +x4)3 —2x3(x0+x4) ’Uj o
27.(P,=2X,, X,) - 34.(L, +2X,,P):

F(lexz’(X0+X4)2+4X3,U):O; F(XO+X ,(Xf+X§)1/2,

2

28.(R,—2Xy, Xy): 5 sarctan+ X, p|= 0

2 X X%, Xa
F(xz,(x0+x4) +4x,,
X —x4+1(xo+x4)3+x3(x0+x4), uj _o. 35.(Ls, P, —2X,):
’ F((X12+X22)1/2’(X0+X4)2+4X3'
29-<|—3_Pst/22¢7xo’x41a> 0: xo—x4+%(x0+x4)3+x3(x0+x4),uj:0;
F((xf+x§) (%o %,) +dax,

36.(P,, B—X,):

Zcrarctanﬁ—xo—x4 UJ: C .
" F [+ (6= -xe-x3)”,
30. et )
<|-3+0'(X0+X4),P3+C3+2,3(X0+x4), X + X,
a>0,820:

37(R - Xa P, = yX,= BX 5 820,y > 0):

F((xf+x22)1/2’(xg+xf)l/2, F{xo+x X, BX
”

2 —
XRFTX Xt X, +y &

2 2
X
AT 2 +2x4,uJ=0;
XO+X4 XO+X4+y

X
X —a arctan’® + [ arctap? uj = (
% X3

31(G+aX,, L+ X, a>0,820:
E ((X12 + X22)1/2, (Xg— X:)1/2’

ﬂarctan%+x3—a (%, +X,) qu 0

38.(R, P~ X,~BX,, B=0):
B%

FI| X+ Xy, Xg————,
(XO 41 3 XO+X4+1

2 2

AT +2x,,u|=0.
X tX, X+X,+1

32(G,L,+aX;,a>0):

U2 U2 Now, we present the non-singular
2 2 2 2 . . . .
F((Xo ‘X4) ’(Xl +X2) , manifolds in the space M(1,4)xR(u) invariant
under the two-dimensional non-conjugate
aarctanﬁ+x3 ul= o; subalgebras of type A (non-Abelian
’ subalgebras) of the Lie algebra of the group
P(1,4).
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Proposition 3[22].

There exist 7 non-conjugate subal gebras of the
type A, (non-Abelian subalgebras) of the Lie

algebra of the group P(1,4).

Consequently, there exist 7 non-singular
manifolds in the space M(1,4)xR(u) invariant
under the two-dimensional non-conjugate
subalgebras of type fof the Lie algebra of
the group P(1,4).

Below, for each two-dimensional non-
conjugate subalgebra of the type dk the Lie
algebra of the group P(1,4), we write its bases
elements and corresponding non-singular F
invariant manifold in the space M(1,4)xR(u).

1.(R,-G):

1/2
X, xz,(xg—xg—xj) ,u) =0;

G,)I>O>:

12 12
2 2 2 2 2
F (x1 +x2) ,(xo—x3—x4) ,

In (%, +x,)+A arctan’: uJ =0

%

In (%, +x4)+/1arctanﬁ u] =0

%

5.(X,, —~G-aX,a>0):
X =aIn (%, +X,), X, X, u) = 0;

6.

(%o +x,)+ A arctan ,

<x4, (L;+AG+aX,;),A>0a > o>:
e ;

aln(x, +x4)—/1x3,u) =0,

7.(R,,-G-aX,a>0):
F(x -ain(x+Xx,),
(xg—xgz—xj)llz,u)
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Crarrs Hanpiinuia go penakmii 20.06.2012

B.M. CDezlopqul’Z, B.L d)eﬂopqylcz

lIHCTI/ITyT MaTemaTHkH, [lenaroriunumii yHiBepcuteT, Byi. [logxopomxux, 2

30-084Kpakis, [Tonpma

? [HCTHTYT IPHUKIAIHIX IPo6IeM MexaHiku i Matematuki iM. S1.C. Ilizctpuraua HAH Vipainn
Byn. HaykoBa, 30, 7960L1IbBiB, Ykpaina

KJACUPIKALISI HEOCOBJIUBUX MHOTOBU/IB Y
MPOCTOPI M(1,4)xR(u), IHBAPIAHTHUX BIZTHOCHO
OJHO- I IBOBUMIPHUX HECNPSIZKEHUX NIJAJITEBP
AJITEBPU JII TPYIIU YAHKAPE P(1,4)

BukopucroByroun kiacu¢ikaiiro OHO- i JBOBUMIPHMX HECHPSDKEHMX ITiganreop
anreopu JIi rpynm Ilyankape P(1,4) B kimacu isomopdHux miganreGp, HpOBEIEHO
Kiacudikaniro HeocoOMMBUX MHOroBuAaiB y mpoctopi M(1,4)XR(u), siki iHBapiaHTHI
BiJTHOCHO ITMX Tiganreop.

Karouosi ciaoBa: HeocoOmBi MHOroBuau, npoctip MiHkoBcbkoro, rpyna ITyankape
P(1,4),mectpspkeni miganredpu anreopu Ji, knacuikaris mimganreop.
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B.M. CDeLLOpqul’Z, B.N. CI)e):[Opqu2

! Nuctutyt marematuku, [lenarornyeckuii yauepceurer, yi. [lonxoponxux, 2
30-084Kpaxkos, ITonbina

2 WHCTUTYT MPUKIAIHBIX MPOOJIEM MEXaHUKH U MAaTEMAaTHKH

uM. S.C. Iloncrpuraua HAH Ykpaunsl, yn. Hayunas, 30, 79601UIsB0B, YkpanHa

KJACCUPUKALIUSI HEOCOBBIX MHOT'OOBPA3HUII B
MPOCTPAHCTBE M(1,4)xR(u), ”HBAPUAHTHBIX
OTHOCHMTEJILHO OJIHO- U IBYXMEPHBIX
HECOMPSI)KEHHBIX MMOJAJTEBP AJITEBPHI JIU
I'PYIIBI IYAHKAPE P(1,4)

Hcnonw3yst kinaccudukamuio OIHO- M ABYXMEPHBIX HECOINPSDKEHHBIX IOJanreop
anreoper JIu rpynmer [lyankape P(1,4)B kinaccel n3oMopdHBIX mopanredp, mpoBeacHa
kiaccuukaims HeocoOsix MHOrooOpasuit B mpoctpanctBe M(1,4)xXR(U), koTopsie
WHBapUAHTHBI OTHOCHTEBHO 3THX HOAAIreop.

KaioueBble cioBa: HeocoOble MHOr000Opa3susi, MPOCTPAHCTBO MHHKOBCKOTO, Ipyra
Ilyankape P(1,4), HeCONpsKEHHBIE MOAANreOpbl anreOpsl JIn, Kiaccu(UKAIMs IOJI-
anreop.
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